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ୈ1ষ ং࿦

1.1 ܠഎڀݚ

ۙ೥ɼMicro Electro Mechanical Systems (MEMS)ٕज़ͷൃୡʹΑΓɼηϯα΍ΞΫ

νϡΤʔλͳͲػցཁૉͷখܕԽ΍ܰྔԽ͕ਐΜͰ͍ΔɽͦΕʹ൐͍ɼػցཁૉʹ͸

ബ೑ͷߏ଄ཁૉ͕༻͍ΒΕΔɽബ೑ͷߏ଄ཁૉʹ͸ɼԁ؀൘΍͸Γͱԁ൘Λ݁߹ͨ͠

ཁૉͳͲԁڥܗքΛ༗͢Δബ೑൘͕͋Δɽബ೑ͷԁ؀൘͸ηϯαͷμΠϠϑϥϜ౳ʹ

༻͍ΒΕΔɽബ೑ͷ͸Γͱԁ൘Λ݁߹ͨ͠ཁૉ͸MEMSεΩϟφ౳ʹ༻͍ΒΕΔɽബ

೑൘ʹपظతͳ֎ྗ͕࡞༻͠େৼ෯Ԡ౴͕ൃੜ͢ΔͱɼͨΘΈͱ໘಺มҐͷ࿈੒ʹΑ

Γඇઢܗৼಈ͕ൃੜ͢ΔɽඇઢܗৼಈͰ͸ɼઢܗͷৼಈԠ౴ʹൺ΂෯͍޿ৼಈ਺ྖҬ

ͰڞৼԠ౴Λࣔ͢ɽ͞Βʹɼಛఆͷ৚݅ԼͰ͸ΧΦεৼಈͷൃੜ΋༧૝͞ΕΔɽΧΦ

εৼಈ͸Ճৼৼಈ਺Ҏ֎ʹ༷ʑͳৼಈ਺੒෼ΛؚΉɽඇઢܗৼಈ΍ΧΦεৼಈͷൃੜ

͸ػցཁૉͷηϯαʔͱͯ͠ͷܭଌਫ਼౓΍଱ੑٱʹӨڹΛٴ΅͠ɼͦͷ৴པੑͷ௿Լ

ʹͭͳ͕ΓಘΔɽैདྷͰ͸ɼ൘ͷް೑ԽʹΑΔ߶ੑͷ্޲ʹΑΓඇઢܗৼಈ΁ͷରࡦ

͕ՄೳͰ͋ͬͨɽ͔͠͠ɼۙ೥ͷMEMSߏ଄ܥͷඍࡉԽʹ൐͍ɼͦͷରࠔ͕ࡦ೉ͳ৔

߹΋͋Δɽͦ͜Ͱɼബ೑൘ͷಈతͳৼಈڍಈΛ༧Ίྀͨ͠ߟઃܭɼ͢ͳΘͪಈతઃܭ

͕ඞཁͱͳΔɽ

ബ೑൘ͷಈతઃܭΛ͢ΔͨΊʹ͸ɼඇઢܗৼಈ΍ΧΦεৼಈʹؔ͢Δࢿૅجྉ͕ٻΊ

ΒΕΔɽࢿૅجྉͱͯ͠ɼΧΦεৼಈͷൃੜΛආ͚ΔͨΊʹΧΦεৼಈͷൃੜ͢Δ৚

݅ͷղ໌͕ඞཁͰ͋Δɽ͞ΒʹɼΧΦεৼಈ͕ൃੜͨ͠ࡍʹബ೑൘ʹͲͷΑ͏ͳӨڹ

͕͋Δ͔༧͢ݟΔͨΊɼΧΦεৼಈ͕ͲͷΑ͏ͳԠ౴ͷಛ௃Λ༗͢Δ͔ղ໌͢Δඞཁ

͕͋ΔɽҰൠʹɼ൘ʹൃੜ͢ΔΧΦεৼಈͰ͸Ϟʔυؒͷ࿈੒ʹΑΔ৔߹͕ଟ͍ɽ͜

ͷ৔߹ɼΧΦεৼಈԠ౴Ͱ͸ෳ਺ͷৼಈϞʔυ͕ಉ࣌ʹ༠͞ىΕΔɽΧΦεৼಈ͸ඇ

पظతͳԠ౴Ͱ͋ΔͨΊɼ༠͞ىΕͨৼಈϞʔυͷෆنଇͳมಈ͕༧૝͞ΕΔɽҎ্

ΑΓɼಈతઃܭͷࢿૅجྉͱͯ͠ΧΦεৼಈͷൃੜ͢Δ৚݅ͱΧΦεৼಈʹد༩͢Δ

ৼಈϞʔυͷؒ࣌มԽͷղ໌্ֶ͕޻ॏཁͱͳΔɽ
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1.2 ໨తڀݚ

ബ೑൘ʹൃੜ͢Δඇઢܗৼಈ͸൘ͷܗঢ়΍ڥք৚݅ʹର͠හײʹӨڹΛड͚Δɽͦ

ͷͨΊɼ൘ͷܗঢ়΍ڥք৚݅͝ͱʹɼൃੜ͢Δඇઢܗৼಈ΍ΧΦεৼಈͷಈతڍಈΛ

Ͱݧͱղੳ͕͋Δɽ࣮ݧಈΛௐ΂Δํ๏ͱͯ͠ɼ࣮ڍௐ΂Δඞཁ͕͋Δɽಈతʹࡉৄ

͸ɼݱ৅ͷৄࡉͳ෼ੳΛ͍ߦಛ௃తͳݱ৅ͷ೺Ѳ͕ՄೳͰ͋ΔɽղੳͰ͸ɼύϥϝʔ

λΛมԽͤͨ͞ࡍͷݱ৅ͷมԽΛ໌Β͔ʹͰ͖Δɽ

ԁ൘΍ԁ؀൘ͷඇઢੑܗΛྀͨ͠ߟৼಈ໰୊ʹؔͯ͠ɼଟ͘ͷใ͕͞ࠂΕ͍ͯΔɽ

Efstathiades[1]͸ॳͨظΘΈΛ༗͢Δԁ൘ͷඇઢܗղੳΛΨϥʔΩϯ๏Λ༻͍ͯͬߦ

ͨɽڥք৚͕݅ࣗ༝ͷԁ൘ʹ͓͍ͯڥք৚݅Λຬ଍͢ΔͨΘΈͱԠྗؔ਺Λղੳతʹࣔ

ͨ͠ɽSridharΒ͸จݙ [2]ʹ͓͍ͯҰ༷ՃৼΛड͚Δԁ൘ͷඇઢܗৼಈʹ͍ͭͯ࣠ର

শϞʔυͷΈΛྀͨ͠ߟղੳΛ͓͜ͳͬͨɽ͍ͭͰจݙ [3]ʹͯɼ࣠ରশϞʔυͱඇର

শϞʔυΛྀͨ͠ߟղੳΛͨͬߦɽ࣠ରশϞʔυͱඇରশϞʔυΛྀͨ͠ߟղੳͰ͸ɼ

ଟॏई౓๏ͱઁಈ๏Λ༻͍ͯඇઢܗͷࢧ഑ํఔࣜΛղ͍ͨɽͦͷ݁Ռɼ಺෦ڞৼԠ౴ʹ

͓͚Δఆࡏ೾͚ͩͰͳ͘ਐߦ೾ͷଘࡏͷՄೳੑΛࣔͨ͠ɽYeoΒ [4]͸ SridharΒ [3]ͷ

೾ΛؚΉՄೳੑΛࣔͨ͠ɽYamakiΒߦ೾͚ͩͰͳ͘ਐࡏΛमਖ਼͠ɼఆৗԠ౴͕ఆڀݚ

[5, 6]͸֎पݻఆͷԁ൘ʹ͍ͭͯղੳͱ࣮ݧΛͨͬߦɽղੳͰ͸ɼ࣠ରশϞʔυͷΈΛ

ඪؔ਺ͱͯ͠΂͖ؔ਺Λ༻͍ɼద߹৚݅ࣜΛຬ଍͢ΔԠྗؔ਺Λࣔͨ͠ɽ࠲ɽྀͨ͠ߟ

൘ͷڥքͰ͸൒޲ํܘͷ໘಺มҐΛಋೖ͍ͯ͠Δɽղੳͱ࣮ݧΑΓɼ໘಺ѹॖมҐΛ

ड͚Δԁ൘ͷඇઢܗৼಈಛੑΛৄࡉʹ໌Β͔ʹͨ͠ɽHadianΒ [7]͸ௐ࿨֎ྗΛड͚

Δ֎पݻఆͷԁ൘ͷඇઢܗৼಈղੳΛଟॏई౓๏Λ༻͍ͯͨͬߦɽղੳͰ͸ରশϞʔ

υͷΈΛྀ͍ͯ͠ߟΔɽ҆ఆੑʹ͍ͭͯݕ౼Λ͍ߦɼΧΦεৼಈΛಋ͘पظഒՃ෼ذ

ͷଘࡏΛࣔͨ͠ɽTouzéΒ [8, 9]͸֎पลࣗ༝ͷԁ൘ͷඇରশϞʔυͷղੳͱ࣮ݧΛߦ

͍ɼॖୀϞʔυʹ͓͚Δղͷ҆ఆੑʹ͍ͭͯࣔͨ͠ɽAbdel-RahmanΒ [10]͸ɼ੩త

ՙॏ͕࡞༻ͨ͠ԁ؀൘ͷ࣠ରশϞʔυͷݻ༗ৼಈ਺Λඇઢ߲ܗΛྀͯ͠ߟγϡʔςΟ

ϯά๏ʹΑΓͨ͠ࢉܭɽͦͷ݁Ռɼ੩తมܗ͸ݻ༗ৼಈ਺ʹ͸େ͖ͳӨڹΛ͕ࣔ͢ৼ

ಈϞʔυ΁ͷӨڹ͸খ͍͜͞ͱΛࣔͨ͠ɽ͞Βʹɼ໘಺Ԡྗͷଘݻ͕ࡏ༗ৼಈ਺ʹେ

͖͍ӨڹΛͭ࣋ͱࣔͨ͠ɽCamier[11]Β͸ɼ֎पࣗ༝ͷԁ൘ʹؔͯ͠ॳظෆਖ਼͕ݻ༗

ৼಈ਺ͱৼಈϞʔυʹ༩͑ΔӨڹΛௐ΂ͨɽ͞Βʹɼप೾਺Ԡ౴ۂઢʹ͓͍ͯෆ҆ఆ

ྖҬΛௐ΂ͨɽArafatΒ [12]͸࣠ରশϞʔυͷΈΛྀ͠ߟɼ೤ՙॏʹΑΓ࠷௿࣍ͱೋ

༗ৼಈ਺ൺ͕ݻͷৼಈϞʔυͷ࣍ 1:3ͱͳΔ಺෦ڞৼ৚݅Λຬͨ͢ԁ؀൘ͷඇઢ੍ڧܗ

ৼಈͷղੳΛͨͬߦɽMaruyamaΒ [13]͸ɼ֎पล͕୯७࣋͞ࢧΕͨԁ൘ͷඇઢܗৼ

ಈ࣮ݧΛ͍ߦɼΧΦεৼಈԠ౴ʹ͓͚ΔԠ౴ৼ෯ͷ૿ݮʹର͢ΔৼಈϞʔυͷد༩ͷ

มಈΛࣔͨ͠ɽճస͢Δԁ؀൘ʹ͍ͭͯ΋ɼඇઢܗৼಈʹؔ͢Δใࠂ [14]-[17]͕͋Δɽ
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ଟ͘ͷڀݚ͸ΧΦεৼಈͷൃੜʹ஫໨͓ͯ͠Γɼԁ؀൘ͷΧΦεৼಈʹد༩͢Δৼಈ

Ϟʔυͷؒ࣌มԽΛ࣮ݧతʹௐ΂ͨใࠂ͸ݟड͚ΒΕͳ͍ɽ

͸Γͱ൘Λ૊Έ߹ΘͤͨཁૉͷڀݚͰ͸ɼෳ਺ͷऀڀݚʹΑΓใ͕͞ࠂΕ͍ͯΔɽ

Ataman Β [18]͸۳ܕࣃͶ͡ΓϚΠΫϩεΩϟφͷ܎਺ྭৼʹ͓͚Δಈతڍಈͷղੳ

Λͨͬߦɽۦಈप೾਺ʹର͢ΔԠ౴ͷෆ҆ఆྖҬΛࣔ͢ͱͱ΋ʹɼݮਰ͕Ԡ౴ʹ༩͑

ΔӨڹΛࣔͨ͠ɽZhaoΒ [19]͸MEMSεΩϟφϞσϧͷಈಛੑͷඇઢܗղੳΛͬߦ

ͨɽϧϯήΫολ๏Λ༻͍ͯఆৗपظԠ౴Λ͠ࢉܭɼඇઢܗͷԠ౴ۂઢͷൃੜΛ֬ೝ

ͨ͠ɽղੳͰ͸ϛϥʔ෦Λ߶ମͱԾఆ͠ϞσϧԽΛ͍ߦɼ༗ݶཁૉ๏ʹΑΓϞσϧԽ

ͷଥ౰ੑΛͨ͠ূݕɽDaqaq[20]Β͸௚ྲྀిѹΛҹՃͨ͠MEMSεΩϟφϞσϧͷۂ

͛ͱͶ͡ΓϞʔυͷڞৼԠ౴ʹ͍ͭͯղੳΛ͍ߦɼ2:1ͷ಺෦ڞৼʹ͓͚Δղͷෆ҆ఆ

ੑΛࣔͨ͠ɽKhatamiΒ [21]͸੩ిྗͱػցతͳিܸΛड͚ΔϚΠΫϩϛϥʔͷಈಛ

ੑͷඇઢܗղੳΛ͍ߦɼিܸՙॏͱ੩ిྗۦಈͱͷ૬ޓͷӨ͕ڹԠ౴ͷෆ҆ఆੑͷ͠

͖͍஋ʹ༩͑ΔӨڹΛࣔͨ͠ɽShabaniΒ [22]͸ϓϧΠϯ৚݅ۙ๣ͷMEMSεΩϟφ

ϞσϧͷղੳΛͨͬߦɽௐ࿨Ճৼͷৼ෯Λ૿Ճͤ͞ɼΧΦεঢ়Ԡ౴ͷൃੜΛࣔͨ͠ɽ͜

ΕΒͷڀݚͰ͸ɼղੳϞσϧΛ͹Ͷͱ߶ମ൘ͷ૊Έ߹ΘͰԾఆ͓ͯ͠Γɼ࣮ݧʹ͓͚

ΔͶ͡ΓৼಈϞʔυͱ͛ۂৼಈϞʔυͷඇઢܗ࿈੒ৼಈʹ͍ͭͯ͸े෼ղ໌͞Εͨͱ

͸͑ݴͳ͍ɽ

ຊڀݚͰ͸ɼԁ؀൘ͱ͸Γͱ൘Λ૊Έ߹Θͤͨܗঢ়ͷബ೑ཁૉʹ͍ͭͯৼಈ࣮ݧΛ

༩͢ΔৼಈϞʔυͱͦدʹ৅ͱͯ͠ΧΦεৼಈݱɼΧΦεৼಈʹ͓͚Δಛ௃తͳ͍ߦ

ͷد༩཰ͷؒ࣌มԽΛৄࡉʹ෼ੳ͢Δ͜ͱΛ໨తͱ͢ΔɽಛʹɼΧΦεৼಈͷԠ౴೾

มԽؒ࣌༩཰ͷد༩͢ΔৼಈϞʔυͱͦͷدʹओ੒෼෼ੳΛదԠ͠ɼΧΦεৼಈʹܗ

ʹ஫໨͠ৄࡉͳ෼ੳΛ͏ߦɽ

1.3 ཁ֓ڀݚ

ຊڀݚͰ͸ԁ؀൘ͱɼ͸Γͱԁ൘Λ૊Έ߹Θͤͨܗঢ়ͷ݁߹ཁૉʹ͍ͭͯඇઢܗৼಈ

ݻఆͱ֎पݻք৚݅ͱͯ͠ɼ֎पࣗ༝ɾ಺पڥͷ޲ɽԁ؀൘ͷͨΘΈํͨͬߦΛݧ࣮

ఆɾ಺पࣗ༝ͷ৔߹Λͨ͑ߟɽ݁߹ཁૉͰ͸࣠ํ޲ʹҾுՙॏΛ༩͑ͨঢ়ଶͰ࣮ݧΛ

ݻ༗ৼಈ਺ͱݻܗঢ়ɼઢܗܗຊಛੑͱͯࣗ͠ॏԼͰͷมجͰ͸·ͣɼ൘ͷݧɽ࣮ͨͬߦ

༗ৼಈϞʔυɼͳΒͼʹ෮ྗݩಛੑΛଌఆͨ͠ɽ෮ྗݩಛੑ͸ूதՙॏʹΑΔ੩ͨΘ

Έ͔Βಘͨɽ͞Βʹɼ൘ʹԣํ޲ͷҰ༷ͳपظՃৼՃ଎౓Λ༩͑ɼৼಈ࣮ݧΛͨͬߦɽ

ඇઢܗͷप೾਺Ԡ౴ۂઢΛऩ࿥ͨ͠ͷͪɼΧΦεৼಈͷൃੜͨ͠प೾਺ྖҬʹ͓͍ͯ

Ԡ౴೾ܗͷ෼ੳΛͨͬߦɽ෼ੳʹ͸प೾਺෼ੳɼϙΞϯΧϨࣸ૾ਤɼ࠷େϦϟϓϊϑ

తͳ౳ؒ࣌ͷܗ೾ྻܥ࣌਺ͳΒͼʹओ੒෼෼ੳΛ༻͍ͨɽಛʹओ੒෼෼ੳʹ༻͍Δࢦ
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෼ׂʹΑΔ෼ੳΛ͍ߦɼΧΦεৼಈʹد༩͢ΔৼಈϞʔυͱͦͷد༩཰ͷؒ࣌มԽʹ

஫໨ͨ͠ɽ࣮ݧʹՃ͑ɼԁ؀൘ͷղੳํ๏Λࣔ͢ɽղੳͰ͸ॳͨظΘΈͱڥքʹ͓͚

Δ໘಺มҐΛ༩͑ΒΕΔɽ͞Βʹɼ࣠ରশϞʔυͱඇରশϞʔυΛྀߟͰ͖Δɽ࣮ݧ

ʹ͓͚Δ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ͷ݁ՌΛղੳͱൺֱͨ͠ɽ

ҎԼɼ֤ষͷ֓ཁΛड़΂Δɽ

ୈ 1ষ͸ຊ࿦จͷॹݴͰ͋Δɽ

ୈ 2ষͰ͸ɼ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ͷඇઢܗৼಈͷ࣮ݧͱղੳ݁ՌΛࣔ͢ɽԁ

؀൘͸ॳͨظΘΈΛ༗͢Δɽ࣮ݧͰ͸ɼ൘ͷجຊಛੑͱͯࣗ͠ॏԼͰͷมܗܗঢ়ɼઢ

ಛੑͱͯ͠ूதՙॏʹΑΔ੩ͨΘΈΛྗݩ༗ৼಈϞʔυͳΒͼʹ෮ݻ༗ৼಈ਺ͱݻܗ

ଌఆͨ͠ɽ൘ʹԣํ޲पظՃৼՃ଎౓Λ༩͑ɼՃৼ࣮ݧΛͨͬߦɽՃৼৼಈ਺Λ૟Ҿ

ͯ͠प೾਺Ԡ౴ۂઢΛಘͨɽप೾਺Ԡ౴ۂઢʹ͓͍ͯɼΧΦεঢ়Ԡ౴͕ൃੜͨ͠ৼಈ

਺ͰԠ౴ͷྻܥ࣌೾ܗͱϙΞϯΧϨࣸ૾ਤΛऩ࿥ͨ͠ɽྻܥ࣌೾ܗͷ෼ੳʹ͸ɼप೾

਺෼ੳɼ࠷େϦϟϓϊϑࢦ਺ͱຒΊࠐΈݩ࣍ͷؔ܎ɼओ੒෼෼ੳΛ༻͍ͨɽಛʹɼಛ

ʹઅ௚ܘΛ΋ͨͳ͍ 0Ϟʔυͱઅ௚ܘΛҰຊ༗͢Δ 1bϞʔυͷઢݻܗ༗ৼಈ਺ۙ๣Ͱ

ൃੜͨ͠ΧΦεৼಈʹ͍ͭͯৄࡉͳ෼ੳΛͨͬߦɽղੳͰ͸ɼ·ͣϋϛϧτϯͷݪཧ

Λ༻͍ͯࣜૅجΛಘΔɽ࠲ඪؔ਺ͱͯ͠൒޲ํܘ͸΂͖ڃ਺ɼपํ޲͸ਖ਼ؔݭ਺ͱ༨

ʹղ͸ղੳత࣍਺Λ༻͍ͨɽద߹৚͔݅ࣜΒԠྗؔ਺Λܾఆ͢ΔɽԠྗؔ਺ͷಉؔݭ

ܾఆ͞ΕΔɽಉ࣍ղΛ༻͍ͯఆ਺มԽ๏ʹΑΓඇಉ࣍ղ͸ܾఆ͞ΕΔɽ໘಺ํ޲ͷڥ

ք৚݅ʹΑΓಉ࣍ղʹؚ·ΕΔະ஌਺͸ܾఆ͞ΕΔɽ໘಺ํ޲ͷڥք৚݅ͱͯ͠ɼݻ

ఆลʹ͓͍ͯ໘಺มҐΛ༩͑ͨɽΨϥʔΩϯ๏Λ༻͍ͯࣜૅجΛ༗ݶଟࣗ༝౓ܥ΁ม

४ͱ͠جҐஔΛߧ࿈ཱৗඍ෼ํఔࣜΛಘΔɽͨΘΈΛ੩ͨΘΈͱ੩తฏܗɼඇઢ͠׵

ͨಈతԠ౴ͷ࿨Ͱද͢ݱΔɽ੩ͨΘΈʹؔ͢Δඇઢܗ࿈ཱํఔ͔ࣜΒࣗॏԼͰͷมܗ

࿈ཱܗΛলུͨ͠ಈతԠ౴ʹ͍ͭͯͷඇઢ߲ܗಛੑΛಘΔɽ֎ྗͱඇઢྗݩঢ়ͱ෮ܗ

ৗඍ෼ํఔ͔ࣜΒઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυΛಘΔɽಘΒΕͨݻ༗ৼಈϞʔυ

ʹΔɽRunge-Kutta-Gill๏͢׵΁ͱมܥඪ࠲४ج࿈ཱৗඍ෼ํఔࣜΛܗඇઢ͖ͮجʹ

ΑΔ௚઀਺஋ੵ෼ʹΑΓप೾਺Ԡ౴ۂઢͱԠ౴ͷྻܥ࣌೾ܗΛಘͨɽಘΒΕ࣮ͨ݁ݧ

Ռͱղੳ݁ՌΛൺֱͨ͠ɽ

ୈ 3ষͰ͸ɼ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ͷඇઢܗৼಈ࣮ݧͷ݁ՌΛࣔ͢ɽԁ؀൘

͸ɼ࣮࣌ݧͷԹ౓৚݅Ͱ໘಺ํ޲ͷѹॖԠྗ͕࡞༻͢ΔΑ͏ʹݻఆ͞Εͨɽ·ͣɼ൘

ͷجຊಛੑΛଌఆͨ͠ɽجຊಛੑͱͯ͠ɼ൘ͷࣗॏԼͰͷܗঢ়ɼઢݻܗ༗ৼಈ਺ͱݻ
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༗ৼಈϞʔυͳΒͼʹ෮ྗݩಛੑΛଌఆͨ͠ɽ͍ͭͰɼ൘ʹԣํ޲ՃৼՃ଎౓Λ༩͑ɼ

Ճৼ࣮ݧΛͨͬߦɽՃৼৼಈ਺ͷ૟Ҿ͸ɼ࠷௿ݻ࣍༗ৼಈϞʔυͷݻ༗ৼಈϞʔυۙ

๣Ͱͨͬߦɽ࠷௿࣍ৼಈϞʔυͷओڞৼԠ౴Ͱൃੜͨ͠ΧΦεঢ়Ԡ౴Λऩ࿥͠෼ੳΛ

د༩͢ΔৼಈϞʔυͷมಈͱɼͦͷدʹɽಛʹɼओ੒෼෼ੳʹΑΓΧΦεৼಈͨͬߦ

༩཰ͷؒ࣌มԽΛৄࡉʹௐ΂ͨɽ

ୈ 4ষͰ͸ɼ͸Γͱԁ൘Λ૊Έ߹Θͤͨ݁߹ཁૉʹ͍ͭͯͷඇઢܗৼಈ࣮ݧͷ݁ՌΛ

ࣔ͢ɽ݁߹ཁૉʹ࣠ྗΛՃ͑ɼ࠷௿͛ۂ࣍ৼಈϞʔυͱͶ͡ΓৼಈϞʔυͷݻ༗ৼಈ

਺ͷมԽΛଌఆͨ͠ɽͦͷޙɼෳ਺ͷ࣠ྗͷԼͰɼࣗॏԼͰͷมܗܗঢ়ͱ෮ྗݩಛੑ

Λଌఆͨ͠ɽ݁߹ཁૉʹ୅දతͳ࣠ҾுྗΛ༩͑ͨঢ়ଶͰՃৼ࣮ݧΛͨͬߦɽՃৼ࣮

࠷ՃৼՃ଎౓Λ༩͑ͨɽՃৼৼಈ਺ͷ૟Ҿ͸ɼظप޲Ͱ͸ɼ݁߹ཁૉʹҰ༷ͳԣํݧ

௿࣍ͷ͛ۂৼಈϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱͨͬߦɽ୅දతͳՃৼৼಈ਺ʹ͓͍ͯɼΧ

Φεঢ়Ԡ౴ͷྻܥ࣌೾ܗͱϙΞϯΧϨࣸ૾ਤΛऩ࿥͠ɼ෼ੳΛͨͬߦɽྻܥ࣌೾ܗͷ

෼ੳʹ͸ɼप೾਺෼ੳɼ࠷େϦϟϓϊϑࢦ਺ͳΒͼʹओ੒෼෼ੳΛ༻͍ͨɽಛʹɼ୹

ৼಈϞʔυͱͶ͛͡ۂ࣍௿࠷ओ੒෼෼ੳΛద༻͠ɼʹܗ೾ྻܥ࣌෼ׂͨ͠ʹִؒؒ࣌

ΓৼಈϞʔυͷد༩཰ͷؒ࣌มԽΛৄࡉʹௐ΂ͨɽ

ୈ 5ষ͸ຊ࿦จͷ݁ݴͰ͋Δɽ
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ୈ2ষ ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ͷඇઢܗ
ৼಈ

2.1 ॹݴ

ԁ൘΍ԁ؀൘ͳͲԁப࠲ඪܥΛಋೖͨ͠൘ͷઢܗղੳ͸ Leissa[1]ʹΑΓৄࡉʹ·ͱ

ΊΒΕ͍ͯΔɽ൘ͷزԿֶతඇઢܗΛྀͨ͠ߟඇઢܗৼಈͷղੳํ๏͸ɼNayfeh[2]ʹ

ΑΓ·ͱΊΒΕ͍ͯΔɽزԿֶతඇઢੑܗΛྀͨ͠ߟԁ؀൘ͷڀݚͰ͸ɼओʹճసԁ

؀൘ʹ͍ͭͯଟ͘ͷใ͕͞ࠂΕͯΔ [3]-[6]ɽҰํɼඇճసͷԁ؀൘Ͱ͸ݻ༗ৼಈ਺ͱݻ

༗ৼಈϞʔυʹؔ͢Δڀݚ [7, 8]͕ใ͞ࠂΕ͍ͯΔɽ͔͠͠ɼԁ؀൘ͷඇઢܗৼಈͰ͸ɼ

ڀݚৼಈಛੑʹ͍ͭͯͷܗͷඇઢࡍքͰԹ౓มԽΛ༩͑ͨڥ [9]͸͋Δ΋ͷͷɼΧΦε

ৼಈʹ͓͚ΔৼಈϞʔυͷد༩΍ڍಈʹ஫໨ͨ͠ڀݚ͸ݟ౰ͨΒͳ͍ɽ

ຊষͰ͸ͨΘΈํ޲ͷڥք৚͕݅֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ͷΧΦεৼಈʹ͍ͭ

ͯͷ࣮ݧͱղੳΛͨͬߦɽ࣮ݧͰ͸ɼ·ͣ൘ͷجຊಛੑͱͯࣗ͠ॏԼͰͷมܗܗঢ়ɼઢ

ظप޲ಛੑΛಘͨɽ͍ͭͰɼ൘ʹԣํྗݩ༗ৼಈϞʔυͳΒͼʹ෮ݻ༗ৼಈ਺ͱݻܗ

ՃৼՃ଎౓Λ༩͑ɼඇઢܗৼಈ࣮ݧΛͨͬߦɽՃৼՃ଎౓ৼ෯ΛҰఆͱ͠ɼՃৼৼಈ਺

Λ૟Ҿ͠प೾਺Ԡ౴ۂઢΛಘͨɽΧΦεঢ়Ԡ౴Λࣔ͢୅දతͳՃৼৼಈ਺ʹ͓͍ͯ࣌

େϦϟ࠷ͷ෼ੳʹ͸प೾਺෼ੳɼܗ೾ྻܥ࣌ͱϙΞϯΧϨࣸ૾ਤΛऩ࿥ͨ͠ɽܗ೾ྻܥ

ϓϊϑࢦ਺ͳΒͼʹओ੒෼෼ੳΛ༻͍ͨɽΧΦεৼಈʹد༩͢ΔৼಈϞʔυͷؒ࣌ม

ԽΛௐ΂ΔͨΊɼओ੒෼෼ੳʹ༻͍Δྻܥ࣌೾ܗΛ୹ִؒؒ࣌ʹ෼ׂ͠෼ੳΛͨͬߦɽ

ղੳʹ͍ͭͯ͸ɼจݙ [2]ͷํ๏Ͱ͸ಉ͡਺ͷઅ௚ܘΛ༗͢ΔৼಈϞʔυͷ࿈੒ͷΈߟ

ྀ͞Ε͍ͯΔͨΊɼΧΦεৼಈͰଟ͘ͷৼಈϞʔυ͕ಉ࣌ʹ༠͞ىΕΔ৔߹ʹ͸ద༻

Ͱ͖ͳ͍ɽͦ͜Ͱɼԁ؀൘ͷ࣠ରশϞʔυͱඇରশϞʔυΛྀߟՄೳͳղੳΛͨͬߦɽ

൘ͷ࠲ඪؔ਺ͱͯ͠൒޲ํܘ͸ɼ΂͖ڃ਺Λ༻͍ɼपํ޲͸ਖ਼ؔݭ਺ͱ༨ؔݭ਺Λ༻

͍ͨɽԠྗؔ਺ͷಉ࣍ղ͸ղੳతʹܾఆ͞ΕΔɽԠྗؔ਺ͷඇಉ࣍ղ͸ಉ࣍ղΛ༻͍

ͯఆ਺มԽ๏ʹΑΓܾఆͨ͠ɽࣜૅجʹΨϥʔΩϯ๏Λద༻͠ɼແࣗݶ༝౓͔ܥΒ༗

࿈ཱৗඍ෼ํఔࣜΛಘΔɽܗΔɽ͜ΕΑΓɼͨΘΈʹؔ͢Δඇઢ͢׵΁มܥଟࣗ༝౓ݶ

ͨΘΈΛ੩ͨΘΈͱ੩తฏߧҐஔΛج४ͱͨ͠ಈతԠ౴ͷ࿨Ͱද͢ݱΔɽ੩ͨΘΈʹ

ؔ͢Δඇઢܗ࿈ཱํఔ͔ࣜΒࣗॏԼͰͷมܗܗঢ়ͱ෮ྗݩಛੑΛಘΔɽ֎ྗͱඇઢܗ

߲Λলུͨ͠ಈతԠ౴ʹ͍ͭͯͷඇઢܗ࿈ཱৗඍ෼ํఔ͔ࣜΒઢݻܗ༗ৼಈ਺ͱݻ༗

ৼಈϞʔυΛಘΔɽಘΒΕͨݻ༗ৼಈϞʔυʹ͖ͮجඇઢܗ࿈ཱৗඍ෼ํఔࣜΛج४
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೾ྻܥ࣌ΔɽRunge-Kutta-Gill๏ʹΑΔ௚઀਺஋ੵ෼ʹΑΓԠ౴ͷ͢׵΁ͱมܥඪ࠲

͍͓ͯʹքڥఆݻɼ൘ͷྀ͠ߟΛڹఆ΍Թ౓มԽʹΑΔӨݻΛಘͨɽղੳͰ͸൘ͷܗ

໘಺มҐΛ༩͑Δɽ໘಺มҐ͸࣮ݧͰಘΒΕͨ൘ͷجຊಛੑΛ΋ͱʹܾఆͨ͠ɽ

2.2 ཁྖݧ࣮

2.2.1 ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘

ఆͷԁ؀൘ΛਤݻΔ֎पࣗ༝ͱ಺प͚͓ʹݧ࣮ 2.1ʹࣔ͢ɽԁ؀൘தԝʹݪ఺ΛͱΓɼ

ԁப࠲ඪܥΛಋೖ͢Δɽ൒޲ํܘʹ r࣠ɼपํ޲ʹ θ࣠ɼr − θ໘ʹର͠ਨ௚ํ޲ʹ z

࣠ΛఆΊΔɽͨͩ֯͠౓ θ͸ހ౓๏ʹΑΓද͢هΔɽԁ؀൘ͷ಺൒ܘ͸ r1 = 11.4mmɼ

֎൒ܘ͸ r2 = 57.0mmͰ͋Δɽԁ؀൘ͷ֎൒ܘʹର͢Δ಺൒ܘͷൺ͸ r1/r2 = 0.20Ͱ

͋Δɽԁ؀൘͸൘ްh = 0.20mmͷϦϯ੨ಔ൘͔Β੾Γग़ͨ͠ɽϦϯ੨ಔ൘ͷϠϯά཰

͸E = 107GPaɼີ౓͸ ρ′ = 8.7× 103 kg/m3Ͱ͋ΓɼϙΞιϯൺ͸ ν = 0.33ͱ͢Δɽ

֎पࣗ༝ͱ಺पݻఆͷԁ؀൘͸ҎԼͷखॱͰ࡞੡ͨ͠ɽ·ͣɼԁ؀൘ΛϦϯ੨ಔ൘͔

Β੾Γग़ͨ͠ɽ͍ͭͰɼԁ؀൘Λݻఆ͢ΔͨΊͷஈ෇͖ࢧபͱԁ౵ܗϒϩοΫΛ࡞੡͠

ͨɽஈ෇͖ࢧப͸ҟͳΔ௚ܘΛ༗͢ΔԁபΛ૊Έ߹Θͤͨܗঢ়Ͱ͋Δɽԁ؀൘ͷதԝ

ͷԁ޸ʹஈ෇͖ࢧபΛࠩ͠ࠐΈɼԁ౵ܗϒϩοΫͰڬΉɽԁ౵ܗϒϩοΫͷ্෦͸φο

τͰݻఆ͞ΕΔɽ͜ΕΑΓɼ֎पࣗ༝ͱ಺पݻఆͷڥք৚݅͸ಘΒΕΔɽͳ͓ɼஈ෇͖

ରͯ͠ʹܘେͰ൘ͷ֎௚࠷பத৺͔Β͔Βԁ؀൘தԝͷภ৺ྔ͸ɼࢧ 1× 10−3ഒఔ౓

ͱখ͍͞ɽԁ؀൘ͷද໘͸ϨʔβʔมҐܭʹΑΔͨΘΈͷଌఆਫ਼౓Λ্ͤ͞޲ΔͨΊɼ

ΞΫϦϧ੡ϥοΧʔʹΑΓന৭ృ૷͞Ε͍ͯΔɽృ૷ޙͷฏۉ൘ް͸ h′ = 0.27mmͰ

͋Γɼന৭ృ૷Λྀͨ͠ߟ൘ͷີ౓͸ ρ = 6.9× 103 kg/m3Ͱ͋Δɽ

2.2.2 ൘ͷجຊಛੑͷଌఆ

൘ͷجຊಛੑͱͯ͠ɼࣗॏԼͰͷมܗܗঢ়ɼઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυͳΒ

ͼʹ෮ྗݩಛੑΛҎԼͷΑ͏ʹಘͨɽجຊಛੑΛಘΔ࢖ʹࡍ༻͢Δԁ؀൘ۙ๣ͷܭଌ

૷ஔΛਤ 2.2ʹࣔ͢ɽ૷ஔʹ 1͔Β 3ͷ൪߸Λ෇Ճͨ͠ɽ·ͣɼ൘ͷࣗॏԼͰͷมܗܗ

ঢ়Λଌఆ͢Δɽ൘্ํͷܭଌ༻εϥΠμ 1ʹϨʔβʔมҐܭ 2Λઃஔ͢Δɽܭଌ༻ε

ϥΠμΛ༻͍ͯϨʔβʔมҐܭΛ໘಺ํ޲΁Ҡಈ͠ɼ൘ͷ֤఺ͷͨΘΈ෼෍Λଌఆ͠

ͨɽ͍ͭͰɼઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυΛଌఆͨ͠ɽൃ৴͔ثΒਖ਼ݭ೾೾ܗΛ

ੜ੒͠ɼΞϯϓʹΑΓ૿෯͢Δɽ૿෯͞Εͨ৴߸ʹΑΓεϐʔΧʔ 3Λۦಈ͠ɼඍখԻ

ѹΛൃੜͤ͞ΔɽඍখԻѹʹΑΓੜͣΔ൘ͷඍখͳڞৼԠ౴ΛɼϨʔβʔมҐܭΛ༻

ೖྗ͠ɼͦͷৼ෯஋ʹܭଌ͞ΕͨඍখԠ౴ΛిѹܭͰܭଌ͢ΔɽϨʔβʔมҐܭ͍ͯ

Λଌఆ͢ΔɽՃৼৼಈ਺ΛมԽͤͨ͞ࡍͷԠ౴ৼ෯ͷ૿Ճ͔Βɼઢݻܗ༗ৼಈ਺Λಘ
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r = 57.0

r = 11.4

Cylinder-form block

Annular plate

Pillar with step section

h'= 0.27

Washar
Nut

r
�

z

1

2

Fig 2.1: Annular plate.

1

3

2

Fig 2.2: Experimental apparatus to measure fundamental properties of the plate.
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ͨɽઢݻܗ༗ৼಈ਺ۙ๣ʹͯ൘ΛඍখԻѹͰՃৼ͠ɼݻ༗ৼಈϞʔυΛಘΔɽݻ༗ৼ

ಈϞʔυΛಛఆ͢ΔͨΊʹɼݻ༗ৼಈϞʔυͷઅઢͰ͸ৼ෯͕ݮগ͠ɼઅઢΛڥʹൃ

৴͔ثΒੜ੒͞ΕΔՃৼਖ਼ݭ೾೾ܗͱ൘ͷඍখͳڞৼԠ౴ͷҐ૬͕൓స͢Δ͜ͱΛར

༻ͨ͠ɽޙ࠷ʹ෮ྗݩಛੑͱͯ͠ɼ੩తूதՙॏ͕ࡍͨ͠༺࡞ͷ൘ͷ੩ͨΘΈΛଌఆ

ͨ͠ɽਤ 2.3ʹࣔ͢ೋॏยͪ࣋͸Γߏ଄Λ༗͢ΔϩʔυηϧΛ༻͍ͯ൘ͷҰ఺ʹूதՙ

ॏΛՃ͑Δɽ൘͸ࣗ਎ͷ෮ྗݩͱूதՙॏʹΑΓฏߧҐஔͰ੩͢ࢭΔɽ͜ͷࡍͷɼ੩

ͨΘΈͱूதՙॏΛه࿥͢Δɽஞू࣍தՙॏΛมԽͤ͞ɼ෮ྗݩಛੑΛಘΔɽ

Fig 2.3: Load cell with the double cantilever beam.

2.2.3 ඇઢܗৼಈԠ౴ͷଌఆ

Ճৼ࣮ݧʹ༻͍Δ࣮ݧ૷ஔ܈Λਤ 2.4ʹࣔ͢ɽ͢΂ͯͷ૷ஔʹ͸ 1͔Β 16ͷ൪߸Λ

෇͍ͯ͠Δɽԁ؀൘΁ͷՃৼ͸ 1͔Β 5ͷ૷ஔΛ༻͍ΔɽՃৼ੍ޚ૷ஔ 1ʹΑΓਖ਼ݭ

೾৴߸͕ੜ੒͞ΕΔɽ৴߸͸ిྗ૿෯ث 2ʹΑΓ૿෯͞ΕΔɽ૿෯͞Εͨ৴߸ʹΑΓɼ

ి࣓ࣜՃৼث 3͸Ճৼ୆ 4Λۦಈ͢Δɽ൘͸༧ΊՃৼ୆ʹݻఆϑϨʔϜΛհͯ͠औΓ

෇͚͓ͯ͘ɽ൘ʹ͸ݻఆϑϨʔϜΛհͯ͠ԣํ޲पظՃৼՃ଎౓͕࡞༻͢ΔɽՃ଎౓

ܭ 5ΛݻఆϑϨʔϜʹऔΓ෇͚ɼ൘ʹ࡞༻͢ΔՃ଎౓Λଌఆ͢Δɽଌఆ͞ΕͨՃ଎౓

ΛՃৼ੍ޚ૷ஔʹͤؐ͞ؼɼՃৼৼಈ਺Λ૟Ҿத΋ҰఆͷՃৼՃ଎౓ৼ෯Λҡ࣋͢Δɽ

൘ͷಈతԠ౴ͷଌఆʹ͸ 6͔Β 8ͷ૷ஔΛ༻͍ΔɽϨʔβʔมҐܭ 6͸Ճৼ୆ͷपظ

มҐΛଌఆ͢ΔɽϨʔβʔมҐܭ 7͸൘ͷಈతԠ౴ͱՃৼ୆ͷपظมҐͷ࿨Λଌఆ͢

ΔɽϨʔβʔมҐܭίϯτϩʔϥ 8Λ༻͍ͯɼϨʔβʔมҐܭ 7ͷ৴߸͔Β 6ͷ৴߸ͷ

ࠩΛͱΔɽ͜ͷૢ࡞ʹΑΓɼ൘ͷಈతԠ౴͕ಘΒΕΔɽͳ͓ɼϨʔβʔมҐܭ͸ݧࢼย

্ํʹઃஔ͞Εͨܭଌ༻εϥΠμ 9ʹऔΓ෇͚ΒΕ͓ͯΓɼ൘্ͷҠಈ͕ՄೳͰ͋Δɽ

ଌ૷ஔܭ 10͔Β 16Λ༻͍ͯ೾ܗͷऩ࿥ͳΒͼʹ෼ੳΛ͏ߦɽप೾਺Ԡ౴ۂઢ͸Ճৼ
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ৼಈ਺ͷ૟ҾʹΑΓಘΒΕΔɽϨʔβʔมҐܭʹΑΓಘΒΕͨಈతԠ౴͸ిѹܭ 10ʹ

ΑΓ࣮ߦ஋ৼ෯ʹม͞׵ΕΔɽ൘ʹ࡞༻͢ΔՃ଎౓ͷՃৼৼಈ਺͸ɼՃৼ੍ޚ૷ஔ͔

Βൃ৴͞ΕΔपظ৴߸Λप೾਺Χ΢ϯλ 11ʹೖྗ͠ܭଌ͞ΕΔɽಈతԠ౴ͷ࣮ޮ஋ৼ

෯ͱՃৼৼಈ਺Λίϯϐϡʔλ 12Ͱஞه࣍࿥͠ɼඇઢܗͷप೾਺Ԡ౴ۂઢ͸ಘΒΕΔɽ

ಈతԠ౴ͷऩ࿥ʹ͸ɼεϖΫτϧΞφϥΠβ 13Λ༻͍ͨɽಘΒΕͨಈతԠ౴ͷྻܥ࣌

೾ܗΛίϯϐϡʔλʹసૹ͠ɼप೾਺෼ੳ݁Ռɼ࠷େϦϟϓϊϑࢦ਺ͳΒͼʹओ੒෼

෼ੳ݁ՌΛಘΔɽϙΞϯΧϨࣸ૾ਤ͸ҎԼͷखॱͰऩ࿥ͨ͠ɽಈతԠ౴͸ඍ෼ث 14ʹ

ΑΓɼ଎౓ʹม͞׵ΕΔɽಈతԠ౴ͱ଎౓͸Ճৼपظʹಉͯ͠ظஞ࣍ऩ࿥͞ΕΔɽՃ

ৼपظͱಉ͢ظΔͨΊͷ৴߸͸ɼҐ૬ܭ 15ͱύϧεൃੜث 16Λ༻͍ͯੜ੒ͨ͠ɽՃৼ

ग़͢Δɽݕେৼ෯Λ࠷ͷܗೖྗ͠ɼೖྗ೾ʹܭ৴߸ΛҐ૬ظ૷ஔ͔Βൃ৴ͤ͞Δपޚ੍

ͦͷ࠷େৼ෯Λ΋ͱʹɼ೚ҙͷҐ૬֯ͷύϧε೾ܗΛύϧεൃੜثͰੜ੒͢ΔɽಘΒ

ΕͨͨΘΈͱ଎౓Λίϯϐϡʔλʹసૹ͠ɼϙΞϯΧϨࣸ૾ਤ͸ಘΒΕΔɽ

1
23

4

5

6
7

9 8

11

10

12

15

14
16

13

f

Wrms

W

W,t

Fig 2.4: Diagram of vibration test apparatus.

2.3 ղੳཁྖ

2.3.1 ղੳϞσϧͱӡಈํఔࣜ

ԁ؀൘ͷղੳϞσϧΛਤ 2.5ʹࣔ͢ɽ൘ʹԁப࠲ඪܥΛಋೖ͢Δɽԁ؀൘தԝʹݪ఺

oΛͱΓɼ൒޲ํܘʹ r࣠ɼपํ޲ʹ θ࣠ɼr − θ໘ʹ௚ަ͢Δํ޲ʹ z࣠ΛͱΔɽ൘

ͷੇ๏͸ɼݪ఺͔Β಺पล·Ͱͷ൒ܘΛ r1ɼ֎पล·Ͱͷ൒ܘΛ r2ɼ൘ްΛ hͱ͢Δɽ

൘ͷॾྔͱͯ͠ɼີ౓ ρɼϠϯά཰EɼϙΞιϯൺ νͱ͢Δɽ൘ͷԣํ޲ʹ͸ɼՃ଎౓

a͕Ұ༷ʹ࡞༻͢ΔɽՃ଎౓ a͸ҰఆՃ଎౓ asͱपظՃ଎౓ ad cosΩtͷ࿨Ͱද͞ΕΔɽ

͜͜Ͱɼad͸पظՃৼՃ଎౓ৼ෯ɼΩ͸Ճৼ֯ৼಈ਺ɼt͸ؒ࣌Ͱ͋ΔɽՃ଎౓ʹΑΓ
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ੜ͡Δ൒޲ํܘͱपํ޲΁ͷ໘಺มҐΛͦΕͧΕUɼV ͱ͠ɼͨΘΈΛW ͱ͢Δɽ൘

͕༗͢ΔॳͨظΘΈ͸W0ͱ͢Δɽ

=a

�
o

z

r2
r1

as ad cos t�+

h

r

U
W
V

� E �, ,

Fig 2.5: Annular plate.

ബ೑ԁ؀൘ͷඇઢܗৼಈղੳΛ্͏ߦͰɼͭ͗ͷԾఆΛಋೖ͢Δɽ

1. ໘಺ͻͣΈ͕ࢧ഑తͰɼͦͷେ͖͞͸े෼খ͍͞ɽ໘಺Ԡྗ͕ࢧ഑తͰɼதԝ໘

ʹਨ௚ͳԠྗ͸໘಺ԠྗΑΓे෼খ͘͞লུͰ͖ΔɽͻͣΈͱԠྗͷؔ܎͸ϑο

Ϋͷ๏ଇʹै͏ɽ

2. ԁ؀൘ͷ൘ް h͸൘ͷ୅ද௕͞Ͱ͋Δ൘ͷ֎൒ܘ r2ʹൺ΂े෼খ͍͞ɽ

3. ໘಺มҐ UɼV ͷઈର஋͸൘ް hʹൺ΂े෼খ͘͞ɼ୅ද௕͞ʹର͢Δ໘಺มҐ

UɼV ͷൺ཰͸໘಺ͻͣΈͱಉఔ౓Ͱ͋ΔɽͨΘΈW ͸൘ް hͱಉఔ౓ͱ͢Δɽ

4. ԁ؀൘ͷ͛ۂมܗʹؔͯ͠ɼKirchhoff-LoveͷԾઆ͕੒ཱ͢Δɽଈͪɼதԝ໘ʹ

ਨ௚ͳஅ໘͸มޙܗʹ͓͍ͯ΋தԝ໘ʹਨ௚Ͱฏ໘Λอͭɽ

5. ͨΘΈW ʹΑΔ൘ͷࣼ܏ͷେ͖͞͸ 1ʹൺ΂ͯे෼খ͍͞ɽ͔͠͠ɼࣼ܏ͷೋ৐

΍૬৐ੵ͸໘಺ͻͣΈͷେ͖͞ͱಉఔ౓ͱ͢ΔɽҰํɼ໘಺ͻͣΈͷೋ৐ɼͨΘ

Έͷߴ֊ඍ෼ͷೋ৐΍૬৐ੵ͸࣍ߴͷඍখྔͱͯ͠লུ͢Δɽ

6. ͨΘΈํ޲ͷ͕ྗੑ׳ओͰ͋Γɼ໘಺ํ޲ͷྗੑ׳΍அ໘ͷճసྗੑ׳͸লུ͢Δɽ

ԁ؀൘ʹੜ͡Δ rɼθํ޲ͷਨ௚ͻͣΈ εrɼεθͱͤΜஅͻͣΈ γrθ͸ࣜ࣍Ͱද͞ΕΔɽ

ͳ͓ɼࣜதͷΧϯϚͷޙͷఴࣈ͸ͦͷจࣈͷภඍ෼Λද͢ɽ

εr = εr0 − z (W,rr −W0,rr) (2.1a)

εθ = εθ0 − z

{
1

r
(W,r −W0,r) +

1

r2
(W,θθ −W0,θθ)

}
(2.1b)

γrθ = γrθ0 − 2z

{
1

r
(W,rθ −W0,rθ)−

1

r2
(W,θ −W0,θ)

}
(2.1c)
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͜͜Ͱɼεr0ɼεθ0ɼγrθ0͸൘தԝ໘ͷͻͣΈͰ͋Γɼࣜ࣍Ͱࣔ͞ΕΔɽ

εr0 = U,r +
1

2

(
W,r

2 −W0,r
2
)

(2.2a)

εθ0 =
1

r
(U + V,θ) +

1

2r2
(
W,θ

2 −W0,θ
2
)

(2.2b)

γrθ0 =
1

r
U,θ + V,r −

V

r
+

1

r
(W,rW,θ −W0,rW0,θ) (2.2c)

ϋϛϧτϯͷݪཧΛ༻͍ͯ൘ͷӡಈํఔࣜͱڥք৚݅ΛಘΔɽϋϛϧτϯͷݪཧ͸࣍

ࣜͰࣔ͞ΕΔɽ

δ

∫ t1

t0

L̃ dt = 0 (2.3)

ͨͩ͠ɼ্ࣜʹ͓͍ͯ t0ɼt1͸ؒ࣌ͷڥքͰ͋ΔɽL̃͸ϥάϥδΞϯͰ͋Γࣜ࣍Ͱࣔ

͞ΕΔɽ

L̃ = T̃ − Ũ − Ṽ (2.4)

͜͜ͰɼT̃ ͸ӡಈΤωϧΪʔɼŨ͸ͻͣΈΤωϧΪʔɼṼ ͸֎ྗʹΑΔϙςϯγϟϧ

ΤωϧΪʔͰ͋Δɽ

ӡಈΤωϧΪʔ T̃ ͸ࣜ࣍Ͱࣔ͞ΕΔɽ

T̃ =
1

2

∫ r2

r1

∫ 2π

0

ρh
(
U,t

2 + V,t
2 +W,t

2
)
rdr dθ (2.5)

ͻͣΈΤωϧΪʔ͸ࣜ࣍Ͱࣔ͞ΕΔɽ

Ũ = Ũp + Ũb (2.6)

ŨpɼŨb͸ͦΕͧΕɼ໘಺৳ॖʹΑΔͻͣΈΤωϧΪʔͱ͛ۂʹΑΔͻͣΈΤωϧΪʔ

Ͱ͋Γࣜ࣍Ͱࣔ͞ΕΔɽ

Ũp =
1

2
Ep

∫ r2

r1

∫ 2π

0

(
εr0

2 + εθ0
2 + 2νεr0εθ0 +

1− ν

2
γrθ0

2

)
rdr dθ (2.7a)

Ũb =
1

2
D

∫ r2

r1

∫ 2π

0

[
(W,rr −W0,rr)

2 +

{
1

r
(W,r −W0,r) +

1

r2
(W,θθ −W0,θθ)

}2

+ 2ν (W,rr −W0,rr)

{
1

r
(W,r −W0,r) +

1

r2
(W,θθ −W0,θθ)

}

+ 2 (1− ν)

{
1

r
(W,rθ −W0,rθ)−

1

r2
(W,θ −W0,θ)

}2
]
rdr dθ (2.7b)

͜͜ͰEpͱD͸ͦΕͧΕɼ໘಺৳ॖ߶ੑͱ͛ۂ߶ੑͰ͋Γࣜ࣍Ͱࣔ͞ΕΔɽ

Ep =
Eh

1− ν2
(2.8a)

D =
Eh3

12 (1− ν2)
(2.8b)
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֎ྗʹΑΔϙςϯγϟϧΤωϧΪʔ Ṽ ͸ࣜ࣍Ͱࣔ͞ΕΔɽ

Ṽ = −
∫ r2

r1

∫ 2π

0

{ρh (as + ad cosΩt) +Qsδ (r − rqs) δ (θ − θqs)}W rdr dθ (2.9)

͜͜ͰɼQs͸൘ͷ࠲ඪ (r, θ) = (rqs, θqs)ʹ࡞༻͢ΔूதՙॏͰ͋Δɽͳ͓ɼδ (r − rqs)

ͳΒͼʹ δ (θ − θqs)͸σΟοϥοΫͷσϧλؔ਺Ͱ͋Δɽ

ࣜ (2.5)͔Β (2.9)Λࣜ (2.4)ʹ୅ೖͯ͠ɼϥάϥδΞϯ L̃ΛಘΔɽࣜ (2.3)ʹϥάϥ

δΞϯ L̃Λ୅ೖ͢Δͱࣜ࣍ΛಘΔɽ

−
∫ t1

t0

{∫ r2

r1

∫ 2π

0

[G1 (U, V,W ) δU +G2 (U, V,W ) δV +G3 (U, V,W ) δW ] rdr dθ

+ B1 (U, V,W ) + B2 (U, V,W )

}
dt = 0 (2.10)

্͕ࣜ੒ΓཱͭͨΊʹ͸ɼԾ૝มҐδUɼδV ͳΒͼʹδWͷ܎਺G1(U, V,W )ɼG2(U, V,W )

ͳΒͼʹG3(U, V,W )͸ͦΕͧΕ 0Ͱ͋Γɼͭ͗ͷ৚͕݅ࣜಘΒΕΔɽ

G1 (U, V,W ) = ρhU,tt −
{
Nr,r +

1

r
Nrθ,θ +

1

r
(Nr −Nθ)

}
= 0 (2.11a)

G2 (U, V,W ) = ρhV,tt −
{
Nrθ,r +

1

r
Nθ,θ +

2

r
Nrθ

}
= 0 (2.11b)

G3 (U, V,W ) = ρhW,tt +D∇4 (W −W0)

−
{(

NrW,r +
1

r
NrθW,θ

)

,r

+
1

r

(
NrW,r +

1

r
NrθW,θ

)
+

(
1

r
NrθW,r +

1

r2
NθW,θ

)

,θ

}

− ρh (as + ad cosΩt) − Qsδ (r − rqs) δ (θ − θqs) = 0 (2.11c)

͜͜Ͱɼࣜ (2.11a)͔Β (2.11c)͸ͦΕͧΕɼrɼθͳΒͼʹ zํ޲ͷӡಈํఔࣜͰ͋Δɽ

ͨͩ͠ɼࣜ (2.11c)ʹ͓͍ͯ∇4 = ∇2∇2Ͱ͋Γɼϥϓϥεͷඍ෼ԋ2∇ࢠࢉ͸ͭ͗ͷ௨

ΓͰ͋Δɽ

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
(2.12)

ࣜ (2.10)ͷB1(U, V,W )ɼB2(U, V,W )͸ͦΕͧΕڥքʹ͓͚Δ໘಺ྗͱ໘֎ྗͷԾ૝

Ͱࣔ͞ΕΔɽࣜ࣍Ͱ͋Γɼࣄ࢓

B1 (U, V,W ) =

[∫ 2π

0

(NrδU +NrθδV ) r dθ

]r=r2

r=r1

(2.13a)

B2 (U, V,W ) =

[∫ 2π

0

{(
NrW,r +

1

r
NrθW,θ + Vr

)
δW −MrδW,r

}
r dθ

]r=r2

r=r1
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(2.13b)

্ࣜ͸ڥք৚݅ʹରԠ͠ɼڥք৚݅Λຬ଍͢Δؔ਺ΛԾఆ͢Δ͜ͱͰɼB1(U, V,W )

ͱB2(U, V,W )͸ͦΕͧΕ 0ͱͳΔɽͳ͓ɼӡಈํఔࣜ (2.11a)͔Β (2.11c)ɼڥք৚݅

(2.13a)ɼ(2.13b)ʹ͓͍ͯɼNrɼNθ͸ rɼθํ޲΁ͷ໘಺ྗͰ͋ΓɼNrθ͸໘಺ͷͤΜ

அྗͰ͋ΔɽMrɼMθ͸͛ۂϞʔϝϯτͰ͋ΓɼMrθ͸Ͷ͡ΓϞʔϝϯτͰ͋ΔɽVr͸

౳ՁͤΜஅྗͰ͋ΔɽͦΕͧΕɼҎԼͷࣜͰࣔ͞ΕΔɽ

Nr = Ep (εr0 + νεθ0) (2.14a)

Nθ = Ep (εθ0 + νεr0) (2.14b)

Nrθ =
1

2
(1− ν)Epγrθ0 (2.14c)

Mr = −D

[
W,rr −W0,rr + ν

{
1

r
(W,r −W0,r) +

1

r2
(W,θθ −W0,θθ)

}]
(2.14d)

Mθ = −D

{
1

r
(W,r −W0,r) +

1

r2
(W,θθ −W0,θθ) + ν (W,rr −W0,rr)

}
(2.14e)

Mrθ = − (1− ν)D

{
1

r
(W,rθ −W0,rθ)−

1

r2
(W,θ −W0,θ)

}
(2.14f)

Vr = −D
{
∇2 (W −W0)

}
,r +

1

r
Mrθ,θ (2.14g)

ԁ؀൘ͷඇઢܗৼಈڍಈΛ໌Β͔ʹ͢ΔͨΊʹɼͨΘΈW ʹ͍ͭͯղ͘ඞཁ͕͋Δɽ

ӡಈํఔࣜ (2.11a)͔Β (2.11c)ͷैଐม਺͸UɼVɼW ͷ 3ͭͰ͋ΓɼͨΘΈW Λಘ

ΔͨΊʹ͸ɼࣜ (2.11a)͔Β (2.11c)ʹ͍ͭͯɼݩࡾ࿈ཱภඍ෼ํఔࣜΛղ͔ͳ͚Ε͹

ͳΒͳ͍ɽͨͩ͠ɼബ೑൘Ͱ͸໘಺ํ޲ͷݻ༗ৼಈ਺͸ͨΘΈํ޲ʹൺ΂ͯे෼͍ߴ

ͨΊɼ໘಺ํ޲ͷྗੑ׳͸লུͰ͖Δɽ͞ΒʹԠྗؔ਺ F ͷಋೖʹΑΓɼҎԼʹࣔ͢

Α͏ʹैଐม਺͸ͨΘΈW ͱԠྗؔ਺ F ͷ 2ͭͱͳΔɽ

Λলུͨࣜ͠ྗੑ׳ (2.11a)ɼ(2.11b)Λ߃౳తʹຬ଍͢ΔܗͰ໘಺ྗNrɼNθͳΒͼ

ʹNrθΛԠྗؔ਺ F Ͱͭ͗ͷΑ͏ʹද͢ݱΔɽ

Nr =
1

r
F,r +

1

r2
F,θθ (2.15a)

Nθ = F,rr (2.15b)

Nrθ = −
(
1

r
F,rθ −

1

r2
F,θ

)
(2.15c)

ͨΘΈํ޲ͷӡಈํఔࣜ (2.11c)ʹࣜ (2.15a)͔Β (2.15c)Λ୅ೖ͠੔ཧ͢ΔͱɼͨΘΈ
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W ͱԠྗؔ਺ F Λैଐม਺͢Δӡಈํఔࣜͱͯࣜ࣍͠ΛಘΔɽ

G3 (W,F ) = ρhW,tt +D∇4 (W −W0)

−
{
1

r
F,rrW,r + 2

(
1

r3
F,rθ −

1

r4
F,θ

)
W,θ +

(
1

r
F,r +

1

r2
F,θθ

)
W,rr

− 2

(
1

r2
F,rθ −

1

r3
F,θ

)
W,rθ +

1

r2
F,rrW,θθ

}

− ρh (as + ad cosΩt) − Qsδ (r − rqs) δ (θ − θqs) = 0 (2.16)

Ԡྗؔ਺F ʹΑΓ໘಺มҐU ͳΒͼʹ V ͕Ұҙʹఆ·ΔͨΊʹɼద߹৚݅ࣜΛٻΊ

Δɽ໘಺ྗͱதԝ໘ʹ͓͚ΔͻͣΈͷؔࣜ܎ (2.14a)͔Β (2.14c)ʹதԝ໘ʹ͓͚Δͻ

ͣΈͱมҐͷؔࣜ܎ (2.2a)͔Β (2.2c)Λ୅ೖ͠ɼ໘಺ྗͱมҐͷؔࣜ܎ΛಘΔɽಘΒ

Εͨ໘಺ྗͱมҐͷؔࣜ܎Λɼ໘಺ྗͱԠྗؔ਺ͷؔࣜ܎ (2.15a)͔Β (2.15c)ʹ୅ೖ

͠ɼ໘಺มҐ U ͱ V Λফ͢ڈΔͱద߹৚݅ࣜͱ͕ͯࣜ࣍͠ಘΒΕΔɽ

∇4F = Eh

[(
1

r
W,rθ −

1

r2
W,θ

)2

−
(
1

r
W0,rθ −

1

r2
W0,θ

)2

−W,rr

(
1

r
W,r +

1

r2
W,θθ

)
+W0,rr

(
1

r
W0,r +

1

r2
W0,θθ

)]
(2.17)

ͨΘΈW ͱԠྗؔ਺F Λैଐม਺ͱ͢Δೋݩ࿈ཱภඍ෼ํఔࣜͱͯ͠ɼzํ޲ͷӡಈ

ํఔࣜ (2.16)ͱద߹৚݅ࣜ (2.17)Λղ͖ɼͨΘΈW ͸ಘΒΕΔɽ

2.3.2 Խݩ࣍഑ํఔࣜͷແࢧ

ҎԼͷແྔݩ࣍Λಋೖ͠ɼӡಈํఔࣜ (2.16)ɼద߹৚݅ࣜ (2.17)ͳΒͼʹڥքʹ͓͚

ΔԾ૝ࣄ࢓ͷࣜ (2.13a)ɼ(2.13b)Λແݩ࣍Խ͢Δɽؒ࣌ tͱՃৼ֯ৼಈ਺ΩΛແݩ࣍Խ
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͢ΔͨΊʹ֯ৼಈ਺ʹؔ͢Δఆ਺Ω0 = 1/r22
√

D/ (ρh)Λಋೖͨ͠ɽ

ξ =
r

r2
(2.18a)

[u, v] =
r2
h2

[U, V ] (2.18b)

[w,w0] =
1

h
[W,W0] (2.18c)

[nr, nθ, nrθ] =
r22
D

[Nr, Nθ, Nrθ] (2.18d)

f =
F

D
(2.18e)

[ps, pd] =
ρr42
D

[as, ad] (2.18f)

qs =
r22
Dh

Qs (2.18g)

τ = Ω0t (2.18h)

ω =
Ω

Ω0
(2.18i)

ξ͸൒޲ํܘͷແ࠲ݩ࣍ඪͰ͋Δɽuɼv͸໘಺มҐUɼV ͷແྔݩ࣍Ͱ͋Δɽwͱw0

͸ͦΕͧΕɼͨΘΈW ͱॳͨظΘΈW0ͷແྔݩ࣍Ͱ͋ΔɽnrɼnθͳΒͼʹ nrθ͸໘

಺ྗNrɼNθͳΒͼʹNrθͷແྔݩ࣍Ͱ͋Δɽf ͸Ԡྗؔ਺ F ͷແྔݩ࣍Ͱ͋Δɽpsɼ

pd͸ҰఆՃ଎౓ asͱपظՃৼՃ଎౓ৼ෯ adͷແྔݩ࣍Ͱ͋Δɽqs͸ແݩ࣍ͷूதՙ

ॏͰ͋Δɽτ ͸ແؒ࣌ݩ࣍Ͱ͋Γɼω͸ແݩ࣍ͷՃৼৼಈ਺Ͱ͋Δɽ

Ҏ্ͷແྔݩ࣍Λಋೖ͢Δͱ zํ޲ͷӡಈํఔࣜ (2.16)ͱద߹৚݅ࣜ (2.17)͸ࣜ࣍

ͱͳΔɽ

L (w, f) = w,ττ +∇4 (w − w0)

−
{
1

ξ
f,ξξw,ξ + 2

(
1

ξ3
f,ξθ −

1

ξ4
f,θ

)
w,θ +

(
1

ξ
f,ξ +

1

ξ2
f,θθ

)
w,ξξ

− 2

(
1

ξ2
f,ξθ −

1

ξ3
f,θ

)
w,ξθ +

1

ξ2
f,ξξw,θθ

}

− (ps + pd cosωτ) − qsδ (ξ − ξqs) δ (θ − θqs) = 0 (2.19)

∇4f = c

[(
1

ξ
w,ξθ −

1

ξ2
w,θ

)2

−
(
1

ξ
w0,ξθ −

1

ξ2
w0,θ

)2

− w,ξξ

(
1

ξ
w,ξ +

1

ξ2
w,θθ

)
+ w0,ξξ

(
1

ξ
w0,ξ +

1

ξ2
w0,θθ

)]
(2.20)

ͨͩ͠ɼద߹৚݅ࣜ (2.20)ʹ͓͍ͯ c͸ c = 12 (1− ν2)Ͱ͋Δɽϥϓϥεͷඍ෼ԋࢉ

2͸ͭ͗ͷ௨ΓͰ͋Δɽ∇ࢠ

∇2 =
∂2

∂ξ2
+

1

ξ

∂

∂ξ
+

1

ξ2
∂2

∂θ2
(2.21)
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ແݩ࣍Խͨ͠ڥքʹ͓͚Δ໘಺ྗͱ໘֎ྗʹΑΔԾ૝ࣄ࢓ͷࣜ (2.13a)ɼ(2.13b)͸࣍

ࣜͱͳΔɽͳ͓ɼࣜதͷ uͱ v͸ޙड़ͷࣜ (2.52)ͱࣜ (2.53)ͷΑ͏ʹɼͨΘΈwͱԠ

ྗؔ਺ f ʹΑΓهड़Ͱ͖Δɽ

B1 (w, f) =

[∫ 2π

0

(nrδu+ nrθδv) ξ dθ

]ξ=ξ2

ξ=ξ1

(2.22a)

B2 (w, f) =

[∫ 2π

0

{(nrw,ξ + nrθw,θ + vr) δw −mrδw,ξ} ξ dθ
]ξ=ξ2

ξ=ξ1

(2.22b)

ͨͩ͠ɼξ1ͱ ξ2͸ͦΕͧΕແݩ࣍ͷ಺൒ܘͱ֎൒ܘͰ͋Δɽ

2.3.3 ม਺ม׵

zํ޲ͷӡಈํఔࣜ (2.19)ͱద߹৚݅ࣜ (2.20)͔ΒɼͨΘΈ wͱԠྗؔ਺ f ΛಘΔ

্ͰऔΓѻ͍Λ؆୯ʹ͢ΔͨΊɼ൒޲ํܘͷ࠲ඪ ξΛ ξ = eηͱม਺ม͢׵ΔɽͨΘΈ

ͷӡಈํఔࣜɼద߹৚݅ࣜ͸ࣜ࣍ͱͳΔɽ

L (w, f) = w,ττ +∇4(w − w0)− e−4η{(f,ηη − 2f,η − f,θθ)w,η + (f,η + f,θθ)w,ηη

+ (f,ηη − f,η)w,η + 2 (f,ηθ − f,θ) (w,θ − w,ηθ)}

− (ps + pd cosΩτ) − qsδ (ξ − ξqs) δ (θ − θqs) = 0 (2.23)

∇4f = c e−4η
[
(w,ηθ − w,θ)

2 − (w0,ηθ − w0,θ)
2

− (w,ηη − w,η) (w,η + w,θθ) + (w0,ηη − w0,η) (w0,η + w0,θθ)
]

(2.24)

ͨͩ͠ɼϥϓϥεͷඍ෼ԋࢠࢉ͸ͭ͗ͷͱ͓ΓͰ͋Δɽ

∇2 = e−2η

(
∂2

∂η2
+

∂2

∂θ2

)
(2.25)

ม਺มޙ׵ͷڥքʹ͓͚Δ໘಺ྗͱ໘֎ྗʹΑΔԾ૝ࣄ࢓ͷࣜ͸ࣜ࣍ͱͳΔɽ

B1 (w, f) =

[∫ 2π

0

(nrδu+ nrθδv) e
η dθ

]η=η2

η=η1

(2.26a)

B2 (w, f) =

[∫ 2π

0

{(
e−ηnrw,η + nrθw,θ + vr

)
δw − e−ηmrδw,η

}
eη dθ

]η=η2

η=η1

(2.26b)

ͨͩ͠ɼม਺มޙ׵ͷ಺൒ܘͱ֎൒ܘ͸ͦΕͧΕ η1 = ln ξ1ͱ η2 = ln ξ2Ͱ͋Δɽ
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2.3.4 ͨΘΈͷؔ਺ͷܾఆ

ͨΘΈwͱॳͨظΘΈw0Λͭ͗ͷΑ͏ʹԾఆ͢Δɽ

[w, w0] =
∑

j

∑

N

ζ̂jN(η) ([ĉjN(τ), c̄jN ] cosNθ + [ŝjN(τ)δN0, s̄jNδN0] sinNθ)

(j = 0, 1, 2, ..., jmax, N = 0, 1, 2, ..., Nmax)

(2.27)

͜͜ͰɼղੳͰྀ͢ߟΔઅԁͷ਺ j ͷ࠷େ஋͸ jmaxͱ͠ɼઅ௚ܘͷ਺ N ͷ࠷େ஋͸

Nmaxͱ͢ΔɽĉjN(τ)ͳΒͼʹ ŝjN(τ)͸ະ஌ؔؒ࣌਺Ͱ͋Γɼc̄jN ͳΒͼʹ s̄jN ͸ॳظ

ͨΘΈͷ܎਺Ͱ͋Δɽ൒޲ํܘͷ࠲ඪؔ਺ ζ̂jN(η)Λͭ͗ͷΑ͏ʹԾఆ͢Δɽ

ζ̂jN (η) =
∑

k

cjkN e(k+δk4j)η (k = 0, 1, 2, 3, 4) (2.28)

্ࣜͷ e(k+δk4j)η͸ม਺ม׵લͷ࠲ඪ ξͰ͸ɼ΂͖ڃ਺ ξk+δk4jʹରԠ͢Δɽ͜͜Ͱ cjkN

͸໘֎ํ޲ͷڥք৚݅ʹΑΓܾఆ͞ΕΔ܎਺Ͱ͋Δɽδk4͸ΫϩωοΧʔͷσϧλؔ਺

Ͱ͋Γɼͭ͗ͷ஋ΛͱΔɽ

δk4 =

⎧
⎪⎨

⎪⎩

1 (k = 4)

0 (k ̸= 4)
(2.29)

໘֎ํ޲ͷڥք৚݅ΑΓͨΘΈͷؔ਺Λܾఆ͢Δɽ໘֎ํ޲ͷڥք৚͕݅ݻఆɼ୯७

ɼࣗ༝ͷ৔߹ʹຬͨ͢΂͖৚݅ࣜ͸ࣜ࣋ࢧ (2.26b)ΑΓͭ͗ͷ௨ΓͰ͋Δɽ

ఆݻ ɿ w = w,η = 0 (2.30a)

୯७࣋ࢧ ɿ w = mr = 0 (2.30b)

ࣗ༝ ɿ mr =
(
e−ηnrw,η + nrθw,θ + vr

)
= 0 (2.30c)

໘֎ํ޲ͷڥք৚͕݅ࣗ༝ͷͱ͖ɼҰൠతʹ໘಺ํ޲ͷڥք৚݅΋ࣗ༝Ͱ͋Δɽ͜ͷ

ͱ͖ɼޙʹࣔࣜ͢ (2.50b)͔Β nr = nrθ = 0ͱͳΓɼࣜ (2.30c)ʹ͓͚Δ 2ͭ໨ͷ৚݅

Ͱ͸౳ՁͤΜஅྗ vrͷΈͱͳΔɽڥք৚݅ʹΑΓɼະఆ܎਺ cjkN ΛಘΔͨΊͷ৚݅ࣜ

ΛಘΔɽ൒޲ํܘͷ࠲ඪؔ਺ ζ̂jN(η)ͷ ηʹؔ͢Δm֊ඍ෼Λࣜ࣍ͷΑ͏ʹ͓͘ɽ

ζ(m)
jN (η) =

∑

k

dmjkN e(k+δk4j)η (2.31)

ͨͩ͠ɼ্ࣜͷ dmjkN ͸ dmjkN = cjkN (k + δk4j)
mͰ͋Δɽ
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w = 0ɼw,η = 0ɼmr = 0ɼvr = 0ʹରԠ͢Δ৚݅ࣜ͸֤ʑͭ͗ͷ௨ΓͰ͋Δɽ

w :
∑

k

d0jkN e(k+δk4j)η = 0 (2.32a)

w,η :
∑

k

d1jkN e(k+δk4j)η = 0 (2.32b)

mr :
∑

k

[
d2jkN − (1− ν) d1jkN − νN2d0jkN

]
e(k+δk4j)η = 0 (2.32c)

vr :
∑

k

[
d3jkN − 2d2jkN − (2− ν)N2d1jkN + (3− ν)N2d0jkN

]
e(k+δk4j)η = 0

(2.32d)

಺पลͱ֎पลʹ͓͚Δ໘֎ํ޲ͷڥք৚͔݅Βɼະఆ܎਺ cjkN ΛఆΊΔͨΊͷ 4

ͭͷ৚͕݅ࣜಘΒΕΔɽcj4N = 1ͱͯ͠ cj0N ͔Β cj3N ʹ͍ͭͯͷ࿈ཱํఔࣜΛղ͖ɼ

൒޲ํܘͷ࠲ඪؔ਺ ζ̂jN ͸ܾఆ͞ΕΔɽ

2.3.5 Ԡྗؔ਺ͷܾఆ

ద߹৚݅ࣜͷඇಉ߲࣍ʹͨΘΈwͱॳͨظΘΈw0Λ୅ೖ͠੔ཧ͢Δɽඇಉ߲࣍͸ͨ

ΘΈ wͱॳͨظΘΈ w0ͷ η΍ θʹΑΔඍ෼ͷࣗ৐߲΍૬৐߲Ͱߏ੒͞ΕΔɽ͜ΕΑ

Γɼؔ֯ࡾ਺ͷੵ͕ଘ͢ࡏΔɽֻ͚߹Θ͞ΕΔͨΘΈͱॳͨظΘΈͷपํ޲ͷ೾਺Λ

N,S(N,S = 0 ∼ Nmax)ͱ͢Δͱɼӈลʹ͸ؔ֯ࡾ਺ͷੵ͔Β cos(N±S)θɼsin(N±S)θ

Λؚ͕߲ͭ࣋·ΕΔɽ೾਺N ±SΛ೾਺M(M = 0 ∼ 2Nmax)Ͱද͢هΔͱɼؔ֯ࡾ਺

ͷੵ͸ͭ͗ͷΑ͏ʹ੔ཧ͞ΕΔɽ

cosNθ cosSθ =
1

2

{
δM,N+S + δM,N−S

(
1− 1

2
δM,0

)

+ δM,−N+S

(
1− 1

2
δM,0

)}
cosMθ (2.33a)

sinNθ sinSθ =
1

2

{
− δM,N+S + δM,N−S

(
1− 1

2
δM,0

)

+ δM,−N+S

(
1− 1

2
δM,0

)}
cosMθ (2.33b)

cosNθ sinSθ =
1

2

{
δM,N+S − δM,N−S

(
1− 1

2
δM,0

)

+ δM,−N+S

(
1− 1

2
δM,0

)}
sinMθ (2.33c)
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sinNθ cosSθ =
1

2

{
δM,N+S + δM,N−S

(
1− 1

2
δM,0

)

− δM,−N+S

(
1− 1

2
δM,0

)}
sinMθ (2.33d)

͜͜ͰɼΫϩωοΧʔͷσϧλؔ਺ͷ࿨Λͭ͗ͷΑ͏ʹ͓͘ɽ

δ[q]MNS =
1

2

{
±[1]δM,N+S ±[2] δM,N−S

(
1− 1

2
δM,0

)
±[3] δM,−N+S

(
1− 1

2
δM,0

)}

(2.34)

ͨͩ͠ɼ±[i] (i = 1 ∼ 3)͸ δ[q]MNSͷ qͷ஋ʹରԠͯ͠ɼ+ͱ−͕ද 2.1ͷ௨ΓมԽ͢Δɽ

͜ΕΒͷؔ܎Λ༻͍Δͱద߹৚݅ࣜ͸ࣜ࣍ͷ௨Γʹ੔ཧ͞ΕΔɽ

Table 2.1: The combinations among ±[i] (i = 1 ∼ 3) corresponding to q of δ[q]MNS

q ±[1] ±[2] ±[3]

1 + + +

2 - + +

3 + - +

4 + + -

∇4f = c e−4η
∑

M

(
e[c]M (η, τ) cosMθ + e[s]M (η, τ) sinMθ

)
(2.35)

্ࣜʹ͓͍ͯɼe[c]M ͳΒͼʹ e[s]M ͸ࣜ࣍Ͱࣔ͞ΕΔɽ

e[c]M (η, τ) =
∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

epijklη
{
Φ[cc]

ijklMNS (ĉjN ĉiS − c̄jN c̄iS)

+ Φ[ss]
ijklMNS (ŝjN ŝiS − s̄jN s̄iS) δN0δS0

}
(2.36a)

e[s]M (η, τ) =
∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

epijklη
{
Φ[cs]

ijklMNS (ĉjN ŝiS − c̄jN s̄iS) δS0

+ Φ[sc]
ijklMNS (ŝjN ĉiS − s̄jN c̄iS) δN0

}
δM0 (2.36b)

্ࣜͷ pijkl͸ pijkl = i + j + δk4j + δl4iͰ͋ΔɽΦ[α]
ijklMNS(α = cc, ss, cs, sc)͸ࣜ࣍ͷ

௨ΓͰ͋Δɽ

Φ[α]
ijklMNS = −1

2

[ (
pijkl − 2 +M2

)
d1jkN d1ilS δ

[q1]
MNS

±[1] (pijkl − 1) (pijkl − 2)N S d0jkN d0ilS δ
[q2]
MNS

±[2](pijkl − 1)M
(
S d1jkN d0ilS δ

[q3]
MNS ±[3] N d0jkN d1ilS δ

[q4]
MNS

) ]

(2.37)
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ͨͩ͠ɼࣜ (2.37)தͰ αʹରԠͯ͠ qi(i = 1 ∼ 4)ͱه߸±[i](i = 1 ∼ 3)͸ද 2.2ʹࣔ

͢૊Έ߹ΘͤΛͱΔɽ

Table 2.2: The combinations among qi(i = 1 ∼ 4) and ±[i](i = 1 ∼ 3) corresponding to α of Φ[α]
ijklMNS

α q1 q2 q3 q4 ±[1] ±[2] ±[3]

cc 1 2 3 4 − − +

ss 2 1 4 3 − + +

cs 3 4 1 2 + − −
sc 4 3 2 1 + + −

ద߹৚݅ࣜΛຬ଍͢ΔԠྗؔ਺ f ΛಘΔɽద߹৚݅ࣜ͸Ԡྗؔ਺ f ʹ͍ͭͯඇಉ࣍

ͷઢܗภඍ෼ํఔࣜͰ͋ΔͨΊɼԠྗؔ਺͸ಉ࣍ղ f [h]ͱඇಉ࣍ղ f [p]ͷॏͶ߹Θͤʹ

ΑΓɼࣜ࣍ͷ௨Γද͞ݱΕΔɽ

f = f [h]ʴ f [p] (2.38)

Ԡྗؔ਺ͷಉ࣍ղ f [h]ͱඇಉ࣍ղ f [p]ΛಘΔͨΊͷํఔࣜ͸ࣜ࣍ͷ௨ΓͰ͋Δɽ

∇4f [h] = 0 (2.39)

∇4f [p] = c e−4η
∑

M

(
e[c]M (η, τ) cosMθ + e[s]M (η, τ) sinMθ

)
(2.40)

ಉํ࣍ఔࣜ (2.39)Λຬ଍͢Δؔ਺ f [h]͸Michell[10]ʹΑΓࣔ͞Ε͍ͯΔɽ

f [h] = c
(
f [h][c] (η, θ) + f [h][s] (η, θ)

)
(2.41)

ͨͩ͠ɼf [h][c]
M ͱ f [h][s]

M ͸ࣜ࣍ͷ௨ΓͰ͋Δɽ

f [h][c] (η, θ) =
∑

M

φ[h][c]
M (η) cosMθ + C [h]

51 e
ηθ sin θ (2.42a)

f [h][s] (η, θ) =
∑

M

φ[h][s]
M (η) sinMθ + S[h]

10 θ − S[h]
51 e

ηθ cos θ (2.42b)

্ࣜʹ͓͍ͯC [h]
51ɼS[h]

10 ͳΒͼʹ S[h]
51 ͸໘಺ͷڥք৚͔݅Βܾఆ͞ΕΔະఆ܎਺Ͱ͋

Δɽφ[h][c]
M ͱ φ[h][s]

M ͸ࣜ࣍ͷ௨ΓͰ͋Δɽ

φ[h][c]
M (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C [h]
10 + C [h]

20 η + C [h]
30 e

2η + C [h]
40 ηe

2η (M = 0)

C [h]
11 e

η + C [h]
21 e

−η + C [h]
31 e

3η + C [h]
41 ηe

η (M = 1)

C [h]
1MeMη + C [h]

2Me−Mη + C [h]
3Me(2+M)η + C [h]

4Me(2−M)η (M ≥ 2)

(2.43a)
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φ[h][s]
M (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 (M = 0)

S[h]
11 e

η + S[h]
21 e

−η + S[h]
31 e

3η + S[h]
41 ηe

η (M = 1)

S[h]
1MeMη + S[h]

2Me−Mη + S[h]
3Me(2+M)η + S[h]

4Me(2−M)η (M ≥ 2)

(2.43b)

͜͜Ͱ (2.43a)ͱ (2.43b)ʹؚ·ΕΔ C [h]
qM(q = 1 ∼ 4,M = 0 ∼ 2Nmax)ɼS[h]

qM(q = 1 ∼
4,M = 1 ∼ 2Nmax)͸໘಺ͷڥք৚݅ʹΑΓܾఆ͞ΕΔະఆ܎਺Ͱ͋Δɽ

ࣜ (2.40)Λຬ଍͢Δؔ਺ f [p]Λఆ਺มԽ๏ʹΑΓܾఆ͢Δɽࣜ (2.40)ͷӈลʹ͓͍ͯ

֯౓ θʹൺྫ͢Δ߲͸ଘ͠ࡏͳ͍ɽ͜ΕΑΓɼf [h]ͷ֯౓ θʹൺྫ͠ͳ͍߲ͷΈΛྀߟ

ͯ͠ɼͭ͗ͷΑ͏ʹ f [p]ΛԾఆ͢Δɽ

f [p] (η, θ) = c
∑

M

(
φ[p][c]
M (η) cosMθ + φ[p][s]

M (η) sinMθ
)

(2.44)

ͨͩ͠ɼφ[p][c]
M ͱ φ[p][s]

M ͸ͭ͗ͷ௨ΓͰ͋Δɽ

φ[p][c]
M (η) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C [p]
10 (η) + C [p]

20 (η) η + C [p]
30 (η) e2η + C [p]

40 (η) ηe2η (M = 0)

C [p]
11 (η) eη + C [p]

21 (η) e−η + C [p]
31 (η) e3η + C [p]

41 (η) ηeη (M = 1)

C [p]
1M (η) eMη + C [p]

2M (η) e−Mη

+C [p]
3M (η) e(2+M)η + C [p]

4M (η) e(2−M)η (M ≥ 2)

(2.45a)

φ[p][s]
M (η) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0 (M = 0)

S[p]
11 (η) e

η + S[p]
21 (η) e

−η + S[p]
31 (η) e

3η + S[p]
41 (η) ηe

η (M = 1)

S[p]
1M (η) eMη + S[p]

2M (η) e−Mη

+S[p]
3M (η) e(2+M)η + S[p]

4M (η) e(2−M)η (M ≥ 2)

(2.45b)

͜͜ͰɼC [p]
qM (η)(q = 1 ∼ 4,M = 0 ∼ 2Nmax)ɼS

[p]
qM (η)(q = 1 ∼ 4,M = 1 ∼ 2Nmax)͸

ηʹؔ͢Δະ஌ؔ਺Ͱ͋Δɽ
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ࣜ (2.44)Λࣜ (2.40)ͷࠨลʹ୅ೖ͢Δͱࣜ࣍ͱͳΔɽ

ce−4η
∑

M

[{
φ[p][c]
M,ηηηη − 4φ[p][c]

M,ηηη + 2
(
2−M2

)
φ[p][c]
M,ηη + 4M2φ[p][c]

M,η

−M2
(
4−M2

)
φ[p][c]
M

}
cosMθ

+
{
φ[p][s]
M,ηηηη − 4φ[p][s]

M,ηηη + 2
(
2−M2

)
φ[p][s]
M,ηη + 4M2φ[p][s]

M,η

−M2
(
4−M2

)
φ[p][s]
M

}
sinMθ

]

= ce−4η
∑

M

(
e[c]M (η, τ) cosMθ + e[s]M (η, τ) sinMθ

)
(2.46)

྆ลΛൺֱ͠ɼcosMθɼsinMθͷ܎਺͕౳͘͠ͳΔ৚͔݅Βͭ͗ͷ৚͕݅ࣜಘΒΕΔɽ

φ[p][c]
M,ηηηη − 4φ[p][c]

M,ηηη +2
(
2−M2

)
φ[p][c]
M,ηη +4M2φ[p][c]

M,η −M2
(
4−M2

)
φ[p][c]
M = e[c]M (η, τ)

(2.47a)

φ[p][s]
M,ηηηη − 4φ[p][s]

M,ηηη +2
(
2−M2

)
φ[p][s]
M,ηη +4M2φ[p][s]

M,η −M2
(
4−M2

)
φ[p][s]
M = e[s]M (η, τ)

(2.47b)

্ࣜʹఆ਺มԽ๏Λద༻͢Δͱɼηʹؔ͢Δະ஌ؔ਺ C [p]
qM(η)(q = 1 ∼ 4,M = 0 ∼

2Nmax)ɼS[p]
qM(η)(q = 1 ∼ 4,M = 1 ∼ 2Nmax)͸ࣜ࣍ͷΑ͏ʹٻΊΒΕΔɽ

C [p]
qM (η) =

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

φqijklM (η)

{
Φ[cc]

ijklMNS (ĉjN ĉiS − c̄jN c̄iS) + Φ[ss]
ijklMNS (ŝjN ŝiS − s̄jN s̄iS) δN0δS0

}
(2.48a)

S[p]
qM (η) =

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

φqijklM (η)

{
Φ[cs]

ijklMNS (ĉjN ŝiS − c̄jN s̄iS) δS0 + Φ[sc]
ijklMNS (ŝjN ĉiS − s̄jN c̄iS) δN0

}
δM0 (2.48b)

ͨͩ͠ɼφqijklM (η)(q = 1, 2, 3, 4)͸ࣜ࣍ͷ௨ΓͰ͋Δɽ

φ1ijklM (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−1
4

∫
(η − 1) epijklη dη (M = 0)

1
4

∫
ηe−ηepijklη dη (M = 1)

1
8

1
M(1−M)

∫
e−Mηepijklη dη (M ≥ 2)

(2.49a)

φ2ijklM (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
4

∫
epijklη dη (M = 0)

− 1
16

∫
eηepijklη dt (M = 1)

−1
8

1
M(1+M)

∫
eMηepijklη dη (M ≥ 2)

(2.49b)
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φ3ijklM (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−1
4

∫
(η + 1) e−2ηepijklη dη (M = 0)

1
16

∫
e−3ηepijklη dη (M = 1)

1
8

1
M(1+M)

∫
e−(2+M)ηepijklη dη (M ≥ 2)

(2.49c)

φ4ijklM (η) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
4

∫
e−2ηepijklη dη (M = 0)

−1
4

∫
e−ηepijklη dη (M = 1)

−1
8

1
M(1−M)

∫
e(−2+M)ηepijklη dη (M ≥ 2)

(2.49d)

ఆ਺มԽ๏Ͱ͸ෆఆੵ෼Λ͍ߦະ஌ؔ਺ΛٻΊΔͨΊɼࣜ (2.49a)͔Β (2.49d)ʹ͸

ຊདྷɼੵ෼ఆ਺ؚ͕·ΕΔɽ͔͠͠ɼੵ෼ఆ਺͔ΒಘΒΕΔ f [p]ͷ߲͸ φ[h][c]ͱ φ[h][s]

ͷະఆ܎਺Λੵ෼ఆ਺ͱ߲ͨ͠ͱͳΔͨΊলུͨ͠ɽ

ಘΒΕͨԠྗؔ਺ͷಉ࣍ղ f [h]ͷະఆ܎਺Λ໘಺ͷڥք৚͔݅Βܾఆ͢Δɽ໘಺ͷڥ

ք৚݅͸ࣜ (2.26a)ΑΓɼݻఆͱࣗ༝ͷ৔߹͸ͦΕͧΕࣜ࣍ͱͳΔɽ

ఆݻ ɿ δu = δv = 0 (2.50a)

ࣗ༝ ɿ nr = nrθ = 0 (2.50b)

໘಺ͷڥք৚͕݅ݻఆͷ৔߹ɼ໘಺มҐͷม෼͕ 0ͱͳΔ৚͔݅Βڥքʹ͓͚Δ໘಺

มҐ͕ط஌ؔ਺Ͱ͋Ε͹Α͍ɽ໘಺ͷڥք৚͕݅ࣗ༝ͷ৔߹ɼڥքʹ͓͚Δ໘಺ྗ nr

ͱ nrθ͕ڞʹ 0Ͱ͋Ε͹Α͍ɽ

໘಺มҐ uɼvͱ໘಺ྗnrɼnrθΛͨΘΈͱԠྗؔ਺Ͱද͢ݱΔɽ໘಺มҐ uͱ v͸Ҏ

Լͷ௨ΓಘΒΕΔɽ൘தԝ໘ͷͻͣΈͷࣜ (2.2a)͔Β (2.2c)ɼ൘தԝ໘ͷͻͣΈͱ໘಺

ྗͷؔࣜ܎ (2.14a)͔Β (2.14c)ͳΒͼʹ໘಺ྗͱԠྗؔ਺ͷؔࣜ܎ (2.15a)͔Β (2.15c)

Λ༻͍ͯ൘தԝ໘ͷͻͣΈͱԠྗؔ਺ͷؔࣜ܎Λಋ͖ɼແݩ࣍Խͱม਺ม׵Λ͏ߦͱ

ಘΒΕΔɽ͕ࣜ࣍

e−ηu,η +
1

2
e−2η

(
w2

,η − w2
0,η

)
=

1

c
e−2η {(f,η + f,θθ)− ν (f,ηη − f,η)} (2.51a)

e−η (u+ v,θ) +
1

2
e−2η

(
w2

,θ − w2
0,θ

)
=

1

c
e−2η {(f,ηη − f,η)− ν (f,η + f,θθ)} (2.51b)

e−η (u,θ + v,η − v) + e−2η (w,ηw,θ − w0,ηw0,θ) =
1

c
2 (1 + ν) e−2η {− (f,ηθ − f,θ)}

(2.51c)

͜͜Ͱࣜ (2.51a)ͷ ηʹؔ͢Δੵ෼͔Β u͕ಘΒΕɼࣜ (2.51b)ͷ θʹؔ͢Δੵ෼͔Β

v͸ಘΒΕΔɽuͳΒͼʹ v͸ࣜ࣍ͷ௨ΓͱͳΔɽ

u =
1

c

∫
e−η (f,η + f,θθ) dt−

1

c
νe−ηf,η −

1

2

∫
e−η

(
w,η

2 − w0,η
2
)
dη + g(θ) (2.52)
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v =
1

c

∫
e−η {f,ηη − (1 + ν)f,η} dθ −

1

c
νe−ηf,θ −

∫
u dθ

− 1

2

∫
e−η

(
w,θ

2 − w0,θ
2
)
dθ + h(η) (2.53)

͜͜Ͱ g(θ)ͱ h(η)͸ੵ෼ఆ਺Ͱ͋Δɽ

g(θ)ͱ h(η)Λܾఆ͢ΔͨΊʹ uͳΒͼʹ vΛࣜ (2.51c)ʹ୅ೖ͢Δͱࣜ࣍ΛಘΔɽ

1

c

∫
e−η (f,ηθ + f,θθθ) dη +

1

c

∫
e−η (f,ηηη − 3f,ηη + f,η − f,θθ) dθ

+
1

c

∫ ∫
e−η (f,η + f,θθ) dηdθ +

2

c

(
e−ηf,θ

)
,η
− 1

2

∫
e−η

(
w,η

2 − w0,η
2
)
,θ
dη

+
1

2

∫
e−η{

(
w,η

2 − w0,η
2
)
+ 2

(
w,θ

2 − w0,θ
2
)
−

(
w,θ

2 − w0,θ
2
)
,η
}dθ

− 1

2

∫ ∫
e−η

(
w,η

2 − w0,η
2
)
dη dθ + e−η (w,ηw,θ − w0,ηw0,θ)

+ g(θ),θ +

∫
g(θ)dθ + h(η),η − h(η) = 0 (2.54)

্ࣜʹԠྗؔ਺ f ͱͨΘΈwΛ୅ೖ͢Δͱ͕ࣜ࣍ಘΒΕΔɽ

P0 (η) +
∑

M

QM (θ) + g(θ),θ +

∫
g(θ) dθ + h(η),η − h(η) = 0

(M = 0, 1, 2, ..., 2Nmax) (2.55)

ͨͩ͠ɼP0ͱQM ͸ͭ͗ͷͱ͓ΓͰ͋Δɽ

P0 (η) = −2S[h]
10 e

−η +
∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

P [s]
ijkl0NS e

(pijkl−1)η (2.56a)

QM (θ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[c]
ijklMNS θ (M = 0)

(−4C [h]
41 − 2C [h]

51

+
∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[c]
ijklMNS) sin θ

−(−4S[h]
41 − 2S[h]

51

+
∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[s]
ijklMNS) cos θ (M = 1)

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

(Q[c]
ijklMNS sinMθ

−Q[s]
ijklMNS cosMθ) (M ≥ 2)

(2.56b)

(i, j = 0, 1, 2, ..., jmax, k, l = 0, 1, 2, 3, 4, N, S = 0, 1, 2, ..., Nmax)
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P [s]
ijkl0NSɼQ[c]

ijklMNSͳΒͼʹQ[s]
ijklMNS͸ͭ͗ͷͱ͓ΓͰ͋Δɽ

P [s]
ijkl0NS = P [cs]

ijkl0NS (ĉjN ŝiS − c̄jN s̄iS) δS0 + P [sc]
ijkl0NS (ŝjN ĉiS − s̄jN c̄iS) δN0 (2.57a)

Q[c]
ijklMNS = Q[cc]

ijklMNS (ĉjN ĉiS − c̄jN c̄iS) +Q[ss]
ijklMNS (ŝjN ŝiS − s̄jN s̄iS) δN0δS0

(2.57b)

Q[s]
ijklMNS = Q[cs]

ijklMNS (ĉjN ŝiS − c̄jN s̄iS) δS0 +Q[sc]
ijklMNS (ŝjN ĉiS − s̄jN c̄iS) δN0

(2.57c)

্ࣜʹ͓͍ͯP [cs]
ijkl0NSɼP [sc]

ijkl0NSɼQ[cc]
ijklMNSɼQ[ss]

ijklMNSɼQ[cs]
ijklMNSͳΒͼʹQ[sc]

ijklMNS͸

ఆ਺Ͱ͋Γࣜ࣍Ͱࣔ͞ΕΔɽ

P [cs]
ijkl0NS =

1

2
Π[3]

ijkl0NS (2.58a)

P [sc]
ijkl0NS = −1

2
Π[4]

ijkl0NS (2.58b)

Q[cc]
ijklMNS =

⎧
⎪⎨

⎪⎩

1
2Θ

[1]
ijklMNS δpijkl,1 (M = 0)

1
2

(
1
MΘ[1]

ijklMNS − Π[1]
ijklMNS

)
δpijkl,1 (M ≥ 1)

(2.58c)

Q[ss]
ijklMNS =

⎧
⎪⎨

⎪⎩

1
2Θ

[2]
ijklMNS δpijkl,1 (M = 0)

1
2

(
1
MΘ[2]

ijklMNS + Π[2]
ijklMNS

)
δpijkl,1 (M ≥ 1)

(2.58d)

Q[cs]
ijklMNS =

⎧
⎪⎨

⎪⎩

0 (M = 0)

1
2

(
1
MΘ[3]

ijklMNS − Π[3]
ijklMNS

)
δpijkl,1 (M ≥ 1)

(2.58e)

Q[sc]
ijklMNS =

⎧
⎪⎨

⎪⎩

0 (M = 0)

1
2

(
1
MΘ[4]

ijklMNS + Π[4]
ijklMNS

)
δpijkl,1 (M ≥ 1)

(2.58f)

ͨͩ͠ɼΠ[q]
ijklMNSͱΘ[q]

ijklMNS(q = 1, 2, 3, 4)͸ࣜ࣍ͷ௨ΓͰ͋Δɽ

Π[q]
ijklMNS = S d1jkN d0ilS δ

[q1]
MNS ±N d0jkN , d1ilS δ

[q2]
MNS (2.59a)

Θ[q]
ijklMNS = d1jkN d1ilS δ

[q1]
MNS ±N S d0jkN , d0ilS δ

[q2]
MNS (2.59b)

͜͜Ͱࣜ (2.59a)ɼ(2.59b)ʹ͓͚Δ qʹର͢Δ q1ɼq2ͱ±ͷ૊Έ߹Θͤ͸ද 2.3ɼ2.4

ʹࣔ͢௨ΓͰ͋Δɽ
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Table 2.3: The combinations among q1, q2 and ”±” corresponding to q of Π[q]
ijklMNS

q q1 q2 ±
1 3 4 +

2 4 3 +

3 1 2 −
4 2 1 −

Table 2.4: The combinations among q1, q2 and ”±” corresponding to q of Θ[q]
ijklMNS

q q1 q2 ±
1 1 2 +

2 2 1 +

3 3 4 −
4 4 3 −

ࣜ (2.55)ʹ͓͍ͯ ηͱ θͷؔ਺Λࠨӈͷลʹ෼཭͢Δͱɼࣜ࣍ͱͳΔɽ

P0 (η) + h(η),η − h (η) = −
[
∑

M

QM (θ) + g (θ),θ +

∫
g (θ) dθ

]
= C̄ (2.60)

ͨͩ͠ɼC̄ ͸ ηͱ θʹରͯ͠೚ҙͷఆ਺Ͱ͋Δɽࣜ (2.60)͔Βɼͭ͗ʹࣔ͢ h (η)ͱ

g (θ)ʹ͍ͭͯͷ 2ͭͷํఔ͕ࣜಘΒΕΔɽ

h (η),η − h (η) = −P0 (η) + C̄ (2.61a)

g (θ),θ +

∫
g (θ) dθ = −

∑

M

QM (θ)− C̄ (2.61b)

ࣜ (2.61a)ͱࣜ (2.61b)Λղ͘ͱɼh (t)ͱ g (θ)͸ࣜ࣍ͱͳΔɽ

h(η) = B eη − S[h]
10 −

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

P [s]
ijkl0NS e

η

∫
e(pijkl−2)ηdt− C̄ (2.62)

g(θ) =
∑

M

gM(θ) (2.63)
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ͨͩ͠ɼgM (θ)͸ͭ͗ͷ௨ΓͰ͋Δɽ

gM (θ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
{∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[c]
ijkl0NS θ + C̄

}

,θ
(M = 0)

{
A[c] sin θ − A[s] cos θ

+
(
4C [h]

41 + 2C [h]
51−

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[c]
ijkl1NS

)

1
4 (3 sin θ − 2θ cos θ)

−
(
4S[h]

41 + 2S[h]
51−

∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

Q[s]
ijkl1NS

)

1
4 (3 cos θ + 2θ sin θ)

}

,θ
(M = 1)

−
{∑

i

∑

j

∑

k

∑

l

∑

N

∑

S

1

1−M2
(Q[c]

ijklMNS sinMθ

−Q[s]
ijklMNS cosMθ)

}

,θ
(M ≥ 2)

(2.64)

͜͜Ͱ A[c]ͳΒͼʹ A[s]͸൘ͷ߶ମฒਐΛද͢ະఆఆ਺Ͱ͋ΓɼB͸൘ͷ߶ମճసΛ

ද͢ະఆఆ਺Ͱ͋Δɽ

໘಺มҐ uɼvͱ໘಺ྗ nrɼnrθʹͨΘΈwͱԠྗؔ਺ f Λ୅ೖ͠ɼ੔ཧ͢Δͱࣜ࣍

ͱͳΔɽ

u (η, θ, τ) =
∑

M

uM (η, θ, τ) (2.65a)

v (η, θ, τ) =
∑

M

vM (η, θ, τ) (2.65b)

nr (η, θ, τ) =
∑

M

nrM (η, θ, τ) (2.65c)

nrθ (η, θ, τ) =
∑

M

nrθM (η, θ, τ) (2.65d)

͜͜Ͱ uM ɼvMɼnrMɼnrθM ͸ɼͦΕͧΕपํ޲ͷ೾਺Mͷͱ͖ͷ u ɼvɼnrɼnrθͰ

͋Γɼࣜ࣍Ͱࣔ͞ΕΔɽ

uM =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

u[c]
0 (M = 0)

u[c]
1 cos θ + u[s]

1 sin θ + u[c′]
1 θ sin θ − u[s′]

1 θ cos θ (M = 1)

u[c]
M cosMθ + u[s]

M sinMθ (M ≥ 2)

(2.66a)
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vM =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

v[c]0 θ + v[s]0 (M = 0)

v[c]1 sin θ − v[s]1 cos θ + u[c′]
1 θ cos θ + u[s′]

1 θ sin θ (M = 1)

v[c]M sinMθ − v[s]M cosMθ (M ≥ 2)

(2.66b)

nrM =

⎧
⎪⎨

⎪⎩

n[c]
r0 (M = 0)

n[c]
rM cosMθ + n[s]

rM sinMθ (M ≥ 1)
(2.66c)

nrθM =

⎧
⎪⎨

⎪⎩

n[s]
rθ0 (M = 0)

n[c]
rθM sinMθ − n[s]

rθM cosMθ (M ≥ 1)
(2.66d)

ͨͩ͠ɼࣜ (2.66a)͔Β (2.66d)ʹؚ·ΕΔ֤߲͸ͭ͗ͷ௨ΓͰ͋Δɽ

u[c]
M (η, τ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− (1 + ν)C [h]
20 e

−η + 2 (1− ν)C [h]
30 e

η

− {(1 + ν)− 2 (1− ν) η}C [h]
40 e

η +B[1][c]
0 (M = 0)

−νC [h]
11 + (1 + ν)C [h]

21 e
−2η + (1− 3ν)C [h]

31 e
2η

+(1− ν) (1 + η)C [h]
41 + 2

(
η + 1

4

)
C [h]

51 +B[1][c]
1 + A[c] (M = 1)

− (1 + ν)M C [h]
1Me−(1−M)η + (1 + ν)M C [h]

2Me−(1+M)η

+ {2 (1− ν)−M (1 + ν)}C [h]
3Me(1+M)η

+ {2 (1− ν) +M (1 + ν)}C [h]
4Me(1−M)η +B[1][c]

M (M ≥ 2)

(2.67a)

u[s]
M (η, τ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−νS[h]
11 + (1 + ν)S[h]

21 e
−2η + (1− 3ν)S[h]

31 e
2η

+(1− ν) (1 + η)S[h]
41 + 2

(
η + 1

4

)
S[h]
51 +B[1][s]

1 + A[s] (M = 1)

− (1 + ν)M S[h]
1Me−(1−M)η + (1 + ν)M S[h]

2Me−(1+M)η

+ {2 (1− ν)−M (1 + ν)}S[h]
3Me(1+M)η

+ {2 (1− ν) +M (1 + ν)}S[h]
4Me(1−M)η +B[1][s]

M (M ≥ 2)

(2.68a)
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v[c]M (η, τ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

4C [h]
40 e

η +B[2][c]
0 (M = 0)

νC [h]
11 + (1 + ν)C [h]

21 e
−2η + (5 + ν)C [h]

31 e
2η

− {2 + (1− ν) t}C [h]
41 −

{
2
(
η + 3

4

)
+ ν

}
C [h]

51

−A[c] +B[2][c]
1 (M = 1)[

(1 + ν)M2 C [h]
1Me−(1−M)η + (1 + ν)M2 C [h]

2Me−(1+M)η

+M {(1 + ν)M + 4}C [h]
3Me(1+M)η

+M {(1 + ν)M − 4}C [h]
4Me(1−M)η +B[2][c]

M

]
1
M (M ≥ 2)

(2.69a)

v[s]M (η, τ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− (1 + ν)S[h]
10 e

−η +Beη − B[2][B]
0 (M = 0)

νS[h]
11 + (1 + ν)S[h]

21 e
−2η + (5 + ν)S[h]

31 e
2η

− {2 + (1− ν) η}S[h]
41 −

{
2
(
η + 3

4

)
+ ν

}
S[h]
51

−A[s] +B[2][s]
1 (M = 1)[

(1 + ν)M2 S[h]
1Me−(1−M)η + (1 + ν)M2 S[h]

2Me−(1+M)η

+M {(1 + ν)M + 4}S[h]
3Me(1+M)η

+M {(1 + ν)M − 4}S[h]
4Me(1−M)η +B[2][s]

M

]
1
M (M ≥ 2)

(2.70a)

u[c′]
1 (τ) = 2

{
C [h]

41 +
1

2
(1− ν)C [h]

51 − B[5][c]
1

}
(2.71a)

u[s′]
1 (τ) = 2

{
S[h]
41 +

1

2
(1− ν)S[h]

51 − B[5][s]
1

}
(2.71b)

n[c]
rM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c
{
C [h]

20 e
−2η + 2C [h]

30 + (1 + 2η)C [h]
40 +B[3][c]

0

}
(M = 0)

c
(
−2C [h]

21 e
−3η + 2C [h]

31 e
η + C [h]

41 e
−η + 2C [h]

51 e
−η +B[3][c]

1

)
(M = 1)

c
{
M (1−M) C [h]

1Me−(2−M)η −M (1 +M) C [h]
2Me−(2+M)η

+(2−M) (1 +M)C [h]
3MeM η

+(2 +M) (1−M)C [h]
4Me−M η +B[3][c]

M

}
(M ≥ 2)

(2.72a)
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n[s]
rM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

c
(
−2S[h]

21 e
−3η + 2S[h]

31 e
η + S[h]

41 e
−η + 2S[h]

51 e
−η +B[3][s]

1

)
(M = 1)

c
{
M (1−M) S[h]

1Me−(2−M)η −M (1 +M) S[h]
2Me−(2+M)η

+(2−M) (1 +M)S[h]
3MeM η

+(2 +M) (1−M)S[h]
4Me−M η +B[3][s]

M

}
(M ≥ 2)

(2.73a)

n[c]
rθM =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

c
(
−2C [h]

21 e
−3η + 2C [h]

31 e
η + C [h]

41 e
−η +B[4][c]

1

)
(M = 1)

c
{
− (1−M) C [h]

1Me−(2−M)η − (1 +M) C [h]
2Me−(2+M)η

+(1 +M)C [h]
3MeM η + (1−M)C [h]

4Me−M η +B[4][c]
M

}
M (M ≥ 2)

(2.74a)

n[s]
rθM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

c S [h]
10 e

−2η (M = 0)

c
(
−2S[h]

21 e
−3η + 2S[h]

31 e
η + S[h]

41 e
−η +B[4][s]

1

)
(M = 1)

c
{
− (1−M) S[h]

1Me−(2−M)η − (1 +M) S[h]
2Me−(2+M)η

+(1 +M)S[h]
3MeM η + (1−M)S[h]

4Me−M η +B[4][s]
M

}
M (M ≥ 2)

(2.75a)

ͨͩ͠ɼB[1][c]
M ʙB[5][c]

M ɼB[1][s]
M ʙB[5][s]

M ͳΒͼʹB[2][B]
0 ͸ɼԠྗؔ਺ͷඇಉ࣍ղ f [p]ɼͨ

ΘΈ wɼॳͨظΘΈ w0ͳΒͼʹੵ෼ఆ਺ g (θ)ɼh (η)͔ΒಘΒΕΔ߲Ͱ͋Γɼͭ͗ͷ

௨ΓͰ͋Δɽ

B[q][c]
M (η, τ) =

∑

i

∑

j

∑

N

∑

S

{
B[q][cc]

ijMNS(η) (ĉjN ĉiS − c̄jN c̄iS)

+ B[q][ss]
ijMNS(η) (ŝjN ŝiS − s̄jN s̄iS) δN0δS0

}
(2.76a)

B[q][s]
M (η, τ) =

∑

i

∑

j

∑

N

∑

S

{
B[q][cs]

ijMNS(η) (ĉjN ŝiS − c̄jN s̄iS) δS0

+ B[q][sc]
ijMNS(η) (ŝjN ĉiS − s̄jN c̄iS) δN0

}
(2.76b)

B[2][B]
0 (η, τ) =

∑

i

∑

j

∑

N

∑

S

{
B[2][B][cs]

ij0NS (η) (ĉjN ŝiS − c̄jN s̄iS) δS0

+ B[2][B][sc]
ij0NS (η) (ŝjN ĉiS − s̄jN c̄iS) δN0

}
(2.76c)
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ͨͩ͠ɼࣜ (2.76a)ͱ (2.76b)ʹ͓͚Δ B[q][α]
ijMNS,(q = 1, 2, 3, 4, 5, α = cc, ss, cs, sc)͸ͭ

͗ͷ௨ΓͰ͋Δɽ

B[1][α]
ijMNS =

∑

k

∑

l

(
β[1][f ]
ijklMΦ[α]

ijklMNS + β[1][w][α]
ijklMNS −Q[1][α]

ijklMNS

)
(2.77a)

B[2][α]
ijMNS =

∑

k

∑

l

(
β[2][f ]
ijklMΦ[α]

ijklMNS + β[2][w][α]
ijklMNS +Q[2][α]

ijklMNS

)
(2.77b)

B[3][α]
ijMNS =

∑

k

∑

l

β[3][f ]
ijklMΦ[α]

ijklMNS (2.77c)

B[4][α]
ijMNS =

∑

k

∑

l

β[4][f ]
ijklMΦ[α]

ijklMNS (2.77d)

B[5][α]
ijMNS =

∑

k

∑

l

Q[1][α]
ijklMNS (2.77e)

ࣜ (2.76c)ʹ͓͚ΔB[2][B][cs]
ij0NS ͱB[2][B][sc]

ij0NS ͸ࣜ࣍Ͱࣔ͞ΕΔɽ

B[2][B][cs]
ij0NS =

∑

k

∑

l

1

2
Π[3]

ijkl0NSe
ηµ[2]

ijkl,−2 (2.78a)

B[2][B][sc]
ij0NS = −

∑

k

∑

l

1

2
Π[4]

ijkl0NSe
ηµ[2]

ijkl,−2 (2.78b)

ࣜ (2.77a)͔Β (2.77d)ʹ͓͚Δ β[1][f ]
ijklMɼβ

[2][f ]
ijklMɼβ

[3][f ]
ijklM ͳΒͼʹ β[4][f ]

ijklM ͸ɼͦΕͧΕͭ

͗ͷ௨ΓͰ͋Δɽ

β[1][f ]
ijklM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1
4 (1 + ν) e−ηµ[2]

ijkl,0 − 1
2 (1− ν) eηµ[1]

ijkl,−2

−1
4 {(3− ν)− 2 (1− ν) η} eηµ[2]

ijkl,−2 + µ[2]
ijkl,−1 (M = 0)

1
4 (1− ν)µ[1]

ijkl,−1 − 1
16 (1 + ν) e−2ηµ[2]

ijkl,1

+ 1
16 (1− 3ν) e2ηµ[2]

ijkl,−3 − 1
4 {−ν + (1− ν) η}µ[2]

ijkl,−1 (M = 1)

−1
8 (1 + ν) 1

1−M e−(1−M)ηµ[2]
ijkl,−M

−1
8 (1 + ν) 1

1+M e−(1+M)ηµ[2]
ijkl,M

+1
8 {2 (1− ν)−M (1 + ν)} 1

M(1+M)e
(1+M)ηµ[2]

ijkl,−(2+M)

−1
8 {2 (1− ν) +M (1 + ν)} 1

M(1−M)e
(1−M)ηµ[2]

ijkl,−2+M

+ 1
1−M2µ

[2]
ijkl,−1 (M ≥ 2)

(2.79a)
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β[2][f ]
ijklM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eηµ[2]
ijkl,−2 − µ[2]

ijkl,−1 (M = 0)

−1
4 (1− ν)µ[1]

ijkl,−1 − 1
16 (1 + ν) e−2ηµ[2]

ijkl,1

+ 1
16 (5− ν) e2ηµ[2]

ijkl,−3 +
1
4 {−1 + (1− ν) η}µ[2]

ijkl,−1 (M = 1)

1
8 (1 + ν) M

1−M e−(1−M)ηµ[2]
ijkl,−M

−1
8 (1 + ν) M

1+M e−(1+M)ηµ[2]
ijkl,M

+1
8 {(1 + ν)M + 4} 1

1+M e(1+M)ηµ[2]
ijkl,−(2+M)

−1
8 {(1 + ν)M − 4} 1

1−M e(1−M)ηµ[2]
ijkl,−2+M

− 1
1−M2µ

[2]
ijkl,−1 (M ≥ 2)

(2.79b)

β[3][f ]
ijklM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
4e

−2ηµ[2]
ijkl,0 − 1

2µ
[1]
ijkl,−2 − 1

4 (1− 2η)µ[2]
ijkl,−2 (M = 0)

1
8e

−3ηµ[2]
ijkl,1 +

1
8e

ηµ[2]
ijkl,−3 − 1

4e
−ηµ[2]

ijkl,−1 (M = 1)

1
8e

−(2−M)ηµ[2]
ijkl,−M + 1

8e
−(2+M)ηµ[2]

ijkl,M

+1
8
2−M
M eMηµ[2]

ijkl,−(2+M)

−1
8
2+M
M e−Mηµ[2]

ijkl,−2+M (M ≥ 2)

(2.79c)

β[4][f ]
ijklM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0 (M = 0)

1
8e

−3ηµ[2]
ijkl,1 +

1
8e

ηµ[2]
ijkl,−3 − 1

4µ
[2]
ijkl,−1 (M = 1)

[
− 1

8e
−(2−M)ηµ[2]

ijkl,−M + 1
8e

−(2+M)ηµ[2]
ijkl,M

+1
8e

Mηµ[2]
ijkl,−(2+M) −

1
8e

−Mηµ[2]
ijkl,−2+M

]
1
M (M ≥ 2)

(2.79d)

͜͜Ͱ µ[1]
ijkl,pͳΒͼʹ µ[2]

ijkl,p͸ෆఆੵ෼Λද͠ɼͭ͗ͷ௨ΓͰ͋Δɽ

µ[1]
ijkl,p =

∫
ηepijklηepηdη (2.80a)

µ[2]
ijkl,p =

∫
epijklηepηdη (2.80b)

ࣜ (2.77a)ɼ(2.77b)ʹ͓͍ͯ β[1][w][α]
ijklM ɼβ[2][w][α]

ijklM ͸ɼͦΕͧΕͭ͗ͷ௨ΓͰ͋Δɽ

β[1][w][α]
ijklMNS = −1

2
µ[2]
ijkl,−1d1jkNd1ilSδ

[q]
MNS (2.81a)

β[2][w][α]
ijklMNS = ±1

2

(
e(pijkl−1)ηd0jkNd0ilSNS δ[q1]MNS ± µ[2]

ijkl,−1d1jkNd1ilS δ
[q2]
MNS

)
(2.81b)
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Table 2.5: The value of q corresponding to α of β[1][w][α]
ijklM

α q

cc 1

ss 2

cs 3

sc 4

Table 2.6: The combinations among q1, q2 and ”±” corresponding to α of β[2][w][α]
ijklM

α q1 q2 ±
cc 2 1 −
ss 1 2 −
cs 4 3 +

sc 3 4 +

ͨͩ͠ β[1][w][α]
ijklM ʹ͓͚Δ αʹର͢Δ qͷ஋͸ද 2.5ͷ௨ΓͰ͋Δɽβ[2][w][α]

ijklM ʹ͓͚Δ α

ʹର͢Δ qͷ஋ͱ±ͷූ߸͸ද 2.6ͷ௨ΓͰ͋Δɽ

·ͨɼࣜ (2.77a)ɼ(2.77b)ɼ(2.77e)ʹ͓͚ΔQ[1][α]
ijklMNSͳΒͼʹQ[2][α]

ijklMNS͸ͦΕͧΕ

ͷ௨ΓͰ͋Δɽࣜ࣍

Q[1][α]
ijklMNS =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Q[α]
ijklMNS (M = 0)

1
4Q

[α]
ijklMNS (M = 1)

M
1−M2Q

[α]
ijklMNS (M ≥ 2)

(2.82a)

Q[2][α]
ijklMNS =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Q[α]
ijklMNS (M = 0)

3
4Q

[α]
ijklMNS (M = 1)

M
1−M2Q

[α]
ijklMNS (M ≥ 2)

(2.82b)

ͳ͓ɼQ[α]
ijklMNS͸ࣜ (2.58c)͔Β (2.58f)ʹࣔ͢௨ΓͰ͋Δɽ

քʹ͓͚Δ໘಺มҐͷԾఆڥ

ԁ؀൘ͷڥքʹ͓͍ͯ໘಺มҐΛ༩͑ͨ৔߹Λ͑ߟΔɽ໘಺มҐΛपํ޲ͷ೾਺

M (M = 0, 1, 2, ..., 2Nmax)͝ͱʹ੔ཧ͠ɼڥքʹ͓͚Δ൒޲ํܘͱपํ޲ͷ໘಺มҐ ui

ͱ viΛͭ͗ͷΑ͏ʹԾఆ͢Δɽ

ui = u[c]
i0 +

∑

M

(
u[c]
iM cosMθ + u[s]

iM sinMθ
)

(2.83a)
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vi = −
∑

M

(
v[c]iM sinMθ − v[s]iM cosMθ

)
(2.83b)

ͨͩ͠ɼu[c]
iMɼu

[s]
iMɼv

[c]
iMɼv

[s]
iM͸ͦΕͧΕ೚ҙఆ਺Ͱ͋Γɼͦ ΕͧΕಠཱͯ͠༩͑ΒΕΔɽ

໘಺ͷڥք৚݅ʹΑΔະ஌਺ͷܾఆ

ԁ؀൘ͷ໘಺ͷڥք৚݅ͱͯ͠಺पล η = η1Ͱ൒޲ํܘͱपํ޲ʹͦΕͧΕ໘಺ม

Ґ uiͱ viΛ༩͑֎पล η = η2Ͱࣗ༝ͷ৔߹ʹɼԠྗؔ਺ͷಉ࣍ղͷະ஌਺͕Ұҙʹܾ

ఆͰ͖Δ͜ͱΛ֬ೝ͢Δɽ৚݅ࣜ͸࣍ͷ௨ΓͰ͋Δɽ
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u (η1) = ui

v (η1) = vi

nr (η2) = 0

nrθ (η2) = 0

(2.84)

͜͜Ͱɼपํ޲ͷ೾਺M ΛM = 0, 1ͳΒͼʹ 2Ҏ্ʹ෼͚ͨ৚݅ࣜ͸ɼࣜ (2.66a)

͔Β (2.66d)ͱࣜ (2.83a)ͳΒͼʹ (2.83b)ΑΓɼͦΕͧΕҎԼʹࣔ͢௨ΓͰ͋Δɽ
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
0 (η1) = u[c]

i0

v[c]0 (η1) θ + v[s]0 (η1) = 0

n[c]
r0 (η2) = 0

n[s]
rθ0 (η2) = 0 (M = 0)

(2.85a)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
1 (η1) cos θ + u[s]

1 (η1) sin θ + u[c′]
1 θ sin θ − u[s′]

1 θ cos θ = u[c]
i1 cos θ + u[s]

i1 sin θ

v[c]1 (η1) sin θ − v[s]1 (η1) cos θ + u[c′]
1 θ cos θ + u[s′]

1 θ sin θ = −v[c]i1 sin θ + v[s]i1 cos θ

n[c]
r1 (η2) cos θ + n[s]

r1 (η2) sin θ = 0

n[c]
rθ1 (η2) sin θ − n[s]

rθ1 (η2) cos θ = 0 (M = 1)

(2.85b)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
M (η1) cosMθ + u[s]

M (η1) sinMθ = u[c]
iM cosMθ + u[s]

iM sinMθ

v[c]M (η1) sinMθ − v[s]M (η1) cosMθ = −v[c]iM sinMθ + v[s]iM cosMθ

n[c]
rM (η2) cosMθ + n[s]

rM (η2) sinMθ = 0

n[c]
rθM (η2) sinMθ − n[s]

rθM (η2) cosMθ = 0 (M ≥ 2)

(2.85c)
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͜͜Ͱɼ֤৚݅ࣜͷ θʹؔ͢Δ߲Ͱ܎਺ൺֱΛ͢Δͱ࣍ͷ৚͕݅ࣜಘΒΕΔɽM = 0, 1

ͳΒͼʹ 2Ҏ্ͷ৚݅ࣜ͸ͦΕͧΕɼࣜ (2.86a)ɼ(2.86b)ͳΒͼʹ (2.86c)ͱͳΔɽ
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
0 (η1) = u[c]

i0

v[c]0 (η1) = 0

v[s]0 (η1) = 0 (M = 0)

n[c]
r0 (η2) = 0

n[s]
rθ0 (η2) = 0

(2.86a)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
1 (η1) = u[c]

i1

u[s]
1 (η1) = u[s]

i1

v[c]1 (η1) = −v[c]i1

v[s]1 (η1) = −v[s]i1

u[c′]
1 = 0

u[s′]
1 = 0 (M = 1)

n[c]
r1 (η2) = 0

n[s]
r1 (η2) = 0

n[c]
rθ1 (η2) = 0

n[s]
rθ1 (η2) = 0

(2.86b)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u[c]
M (η1) = u[c]

iM

u[s]
M (η1) = u[s]

iM

v[c]M (η1) = −v[c]iM

v[s]M (η1) = −v[s]iM (M ≥ 2)

n[c]
rM (η2) = 0

n[s]
rM (η2) = 0

n[c]
rθM (η2) = 0

n[s]
rθM (η2) = 0

(2.86c)

͜͜Ͱɼ֤೾਺ʹ͓͚Δ৚݅ࣜͷ਺ͱ৚݅ࣜʹؚ·ΕΔະ஌਺ͷݸ਺Λ֬ೝ͠ɼະ

஌܎਺ΛҰҙʹܾఆͰ͖Δ͔֬ೝ͢ΔɽM = 0ͷ࣌ͷ৚݅ࣜͷݸ਺͸ 5Ͱ͋Γɼؚ·

ΕΔະ஌਺͸C [h]
20ɼC [h]

30ɼC [h]
40ɼS[h]

10ɼBͷ 5ͭͰ͋Δɽ৚݅ࣜͷ਺ͱະ஌܎਺ͷ਺͕Ұ

39



க͢Δ͜ͱ͔Βɼະ஌܎਺͸Ұҙʹܾఆ͞ΕΔɽM = 1ͷ࣌ͷ৚݅ࣜͷݸ਺͸ 10Ͱ͋

Δɽؚ·ΕΔະ஌਺͸C [h]
11ɼC [h]

21ɼC [h]
31ɼC [h]

41ɼC [h]
51ɼS[h]

11ɼS[h]
21ɼS[h]

31ɼS[h]
41ɼS[h]

51ɼA[c]ɼ

A[s]ͷ Ͱ͋Γɼະ஌਺ͷ਺͕৚݅ࣜͷ਺ΑΓ΋ଟ͍ɽͨͩ͠ɼCݸ12 [h]
11 ͱ S[h]

11 ʹؔ͢

Δ߲͸ͲͪΒ΋໘಺มҐͷࣜͷΈʹؚ·Εɼ࠲ඪ ηʹґଘ͠ͳ͍ఆ਺߲Ͱ͋Δɽଈͪɼ

߶ମฒਐʹؔ͢Δະ஌਺Ͱ͋Δ C [h]
11 ͱ S[h]

11 ΛͦΕͧΕɼ໘಺มҐͷੵ෼ఆ਺͔Βಋ͔

ΕΔ߶ମฒਐʹؔ͢Δະ஌਺A[c]ɼA[s]ʹؚΊΔ͜ͱ͕Ͱ͖Δɽ͜ΕΑΓɼ৚݅ࣜͷ਺

ͱະ஌܎਺ͷ਺͕Ұக͠ະ஌܎਺͸Ұҙʹܾఆ͞ΕΔɽM ≥ 2ͷ࣌ͷ৚݅ࣜ͸ 8ͭͰ

͋Δɽؚ·ΕΔະ஌਺͸C [h]
1MɼC [h]

2MɼC [h]
3MɼC [h]

4MɼS[h]
1MɼS[h]

2MɼS[h]
3MɼS[h]

4M ͷ Ͱ͋ݸ8

Γɼ৚݅ࣜͷ਺ͱະ஌܎਺ͷ਺͕Ұக͠ɼະ஌܎਺͸Ұҙʹܾఆ͞ΕΔɽ

Ҏ্ͷ࿈ཱํఔ͔ࣜΒͰ͸Ԡྗؔ਺ͷະఆ܎਺ͷதʹҰҙʹܾఆ͞Εͳ͍܎਺͕Ҏ

Լʹड़΂ΔΑ͏ʹଘ͢ࡏΔɽ͔͠͠ɼ͜ΕΒ͸ͨΘΈํ޲ͷӡಈํఔࣜʹ͸ӨڹΛٴ

΅͞ͳ͍ɽM = 0ͷͱ͖C [h]
10 ͸ܾఆ͞Εͳ͍ɽ͔͠͠ɼC [h]

10 ͷ߲͸࠲ඪ ηͱ θʹґଘ

͠ͳ͍ఆ਺Ͱ͋Δɽ໘಺ྗ͸Ԡྗؔ਺ͷ η΍ θͷඍ෼Ͱද͞ݱΕΔͨΊɼ໘಺ྗͷࣜ

ʹC [h]
10 ͷ߲͸ଘ͠ࡏͳ͍ɽ·ͨɼM = 1ʹ͓͚ΔC [h]

11ɼS[h]
11 ΛͦΕͧΕA[c]ɼA[s]ʹؚ

ΊΔͱɼC [h]
11ɼS[h]

11 ͸Ұҙʹܾఆ͞Εͳ͍ɽ͔͠͠ɼ໘಺ྗͱԠྗؔ਺ͷؔࣜ܎ʹԾఆ

ͨ͠Ԡྗؔ਺Λ୅ೖ͢ΔͱC [h]
11 ͱ S[h]

11 ʹؔ͢Δ߲͸ফ͞ڈΕɼଘ͠ࡏͳ͍ɽ͜ΕΑΓɼ

C [h]
11 ͱ S[h]

11 ͸೚ҙͷఆ਺ͰߏΘͳ͍ɽҎ্ΑΓɼ໘಺ྗͷࣜʹC [h]
10ɼC [h]

11 ͳΒͼʹ S[h]
11

ͷ߲͸ؚ·Εͳ͍ͨΊɼ͜ΕΒͷ߲͕Ұҙʹܾఆ͞Εͳͯ͘΋ͨΘΈํ޲ͷӡಈํఔ

ࣜ΁ͷӨڹ͸ͳ͍ɽ

࿈ཱํఔࣜΛղ͘ͱԠྗؔ਺ͷಉ࣍ղͷ܎਺͸࣍ͷΑ͏ʹಘΒΕΔɽ

C [h]
qM = d[c]qM +

∑

i

∑

j

∑

N

∑

S

[
d[cc]qijMNS (ĉjN ĉiS − c̄jN c̄iS)

+ d[ss]qijMNS (ŝjN ŝiS − s̄jN s̄iS) δN0δS0
]

(2.87a)

S[h]
qM = d[s]qM +

∑

i

∑

j

∑

N

∑

S

[
d[cs]qijMNS (ĉjN ŝiS − c̄jN s̄iS) δS0

+ d[sc]qijMNS (ŝjN ĉiS − s̄jN c̄iS) δN0

]

(2.87b)
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A[c] = d[c]A1 +
∑

i

∑

j

∑

N

∑

S

[
d[cc]Aij1NS (ĉjN ĉiS − c̄jN c̄iS)

+ d[ss]Aij1NS (ŝjN ŝiS − s̄jN s̄iS) δN0δS0
]

(2.87c)

A[s] = d[s]A1 +
∑

i

∑

j

∑

N

∑

S

[
d[cs]Aij1NS (ĉjN ŝiS − c̄jN s̄iS) δS0

+ d[sc]Aij1NS (ŝjN ĉiS − s̄jN c̄iS) δN0

]

(2.87d)

B = d[s]B0 +
∑

i

∑

j

∑

N

∑

S

[
d[cs]Bij0NS (ĉjN ŝiS − c̄jN s̄iS) δS0

+ d[sc]Bij0NS (ŝjN ĉiS − s̄jN c̄iS) δN0

]

(2.87e)

͜͜Ͱɼd[c]qMɼd
[s]
qMɼd

[c]
A1ɼd

[s]
A1ɼd

[s]
B0ɼd

[α]
qijMNSɼd

[α]
AijMNSɼd

[cs]
BijMNSͳΒͼʹd[sc]BijMNS (α =

cc, ss, cs, sc) ͸໘಺ͷڥք৚͔݅Βܾఆ͞ΕΔఆ਺Ͱ͋ΔɽҎ্ΑΓɼԠྗؔ਺͸ܾఆ

͞ΕΔɽ

2.3.6 ଟࣗ༝౓ܥ΁ͷม׵

ແࣗݶ༝౓Λ༗͢Δബ೑ԁ؀൘ͷӡಈํఔࣜΛɼΨϥʔΩϯ๏Λ༻͍ͯ༗ݶଟࣗ༝

౓ܥʹม͢׵Δɽ໘಺ྗੑ׳Λແ͠ࢹແݩ࣍Խͱม਺ม׵Λͨࣜ͠ (2.10)ʹ໘֎ͷڥ

ք৚݅Λຬ଍͢ΔͨΘΈwɼॳͨظΘΈw0ͳΒͼʹ໘಺ͷڥք৚݅Λຬ଍͢ΔԠྗؔ

਺ f Λ୅ೖ͢Δͱɼࣜ࣍ΛಘΔɽ

−
∫ τ1

τ0

∫ η2

η1

∫ 2π

0

L (w, f) e2η δw dη dθ dτ = 0 (2.88)

্ࣜͷੵ෼Λ࣮͢ߦΔͱ༗ݶଟࣗ༝౓ͷӡಈํఔࣜͱͯ͠ɼͭ͗ͷඇઢܗ࿈ཱৗඍ෼

ํఔࣜΛಘΔɽ

∑

j

∑

N

B̂[c][c]
gjNQĉjN,ττ +

∑

j

∑

N

(
ĉ[c][c]gjNQĉjN + ĉ[c][s]gjNQŝjNδN0

)

+
∑

h

∑

i

∑

j

∑

N

∑

S

∑

P

(
Ê [c][ccc]

ghijNSPQĉjN ĉiS ĉhP + Ê [c][css]
ghijNSPQĉjN ŝiS ŝhP δS0δP0

)

− F̂ [c]
gQ − Ĝ[c]

gQ (ps + pd cosωτ) − Ĥ [c]
gQqs = 0 (2.89a)
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∑

j

∑

N

B̂[s][s]
gjNQŝjN,ττδN0 +

∑

j

∑

N

(
Ĉ [s][c]

gjNQĉjN + Ĉ [s][s]
gjNQŝjNδN0

)

+
∑

h

∑

i

∑

j

∑

N

∑

S

∑

P

(
Ê [s][sss]

ghijNSPQŝjN ŝiS ŝhP δN0δS0δP0+Ê [s][ccs]
ghijNSPQĉjN ĉiS ŝhP δP0

)

− F̂ [s]
gQ − Ĝ[s]

gQ (ps + pd cosωτ) − Ĥ [s]
gQqs = 0 (2.89b)

(g, h, i, j = 0, 1, 2, ..., jmax, N, S, P,Q = 0, 1, 2, ..., Nmax)

ͨͩ͠ɼB̂[c][c]
gjNQɼB̂[s][s]

gjNQ͸߲ྗੑ׳ͷ܎਺Ͱ͋ΔɽĈ [c][c]
gjNQɼĈ [c][s]

gjNQɼĈ [s][c]
gjNQͳΒͼʹ

Ĉ [s][s]
gjNQ ͸ઢܗͷ෮߲ྗݩͷ܎਺Ͱ͋ΔɽÊ [c][ccc]

ghijNSPQɼÊ [c][css]
ghijNSPQɼÊ [s][sss]

ghijNSPQ ͳΒͼʹ

Ê [s][ccs]
ghijNSPQ͸࣍ࡾͷඇઢ߲ܗͷ܎਺Ͱ͋ΔɽF̂ [c]

gQͱ F̂ [s]
gQ͸ॳͨظΘΈΑΓಘΒΕΔఆ਺

߲Ͱ͋ΔɽĜ[c]
gQͱ Ĝ[s]

gQ͸Ұ༷ͳ֎ྗ߲ͷ܎਺Ͱ͋ΓɼĤ [c]
gQͱ Ĥ [s]

gQ͸ूதՙॏ߲ͷ܎਺

Ͱ͋Δɽ֤߲ͷ܎਺͸ͭ͗ͷ௨ΓͰ͋Δɽ

B̂[c][c]
gjNQ =

∑

k

∑

n

d0jkN d0gnQ µ̄[2]
gjkn,2 δ

[c]
NQ (2.90a)

B̂[s][s]
gjNQ =

∑

k

∑

n

d0jkN d0gnQ µ̄[2]
gjkn,2 δ

[s]
NQ (2.90b)

Ĉ [c][c]
gjNQ = C̄gjNQ δ

[c]
NQ

+ c
∑

h

∑

i

∑

S

∑

P

(
ψ̄[c] [ccc]
ghijNSPQc̄iS c̄hP + ψ̄[c] [css]

ghijNSPQs̄iS s̄hP δS0δP0

)
− cψ̄[c] [c1]

gjNQ

(2.90c)

Ĉ [c][s]
gjNQ = c

∑

h

∑

i

∑

S

∑

P

(
ψ̄[c] [scs]
ghijNSPQc̄iS s̄hP δP0 + ψ̄[c] [ssc]

ghijNSPQs̄iS c̄hP δS0
)
− cψ̄[c] [s1]

gjNQ

(2.90d)

Ĉ [s][c]
gjNQ = c

∑

h

∑

i

∑

S

∑

P

(
ψ̄[s] [ccs]
ghijNSPQc̄iS s̄hP δP0 + ψ̄[s] [csc]

ghijNSPQs̄iS c̄hP δS0
)
− cψ̄[s] [c2]

gjNQ

(2.90e)

Ĉ [s][s]
gjNQ = C̄gjNQ δ

[s]
NQ

+ c
∑

h

∑

i

∑

S

∑

P

(
ψ̄[s] [scc]
ghijNSPQc̄iS c̄hP + ψ̄[s] [sss]

ghijNSPQs̄iS s̄hP δS0δP0

)
− cψ̄[s] [s2]

gjNQ

(2.90f)

Ê [c][ccc]
ghijNSPQ = −c ψ̄[c] [ccc]

ghijNSPQ (2.90g)

Ê [c][css]
ghijNSPQ = −c

(
ψ̄[c] [css]
ghijNSPQ + ψ̄[c] [scs]

gijhPNSQ + ψ̄[c] [ssc]
gjhiSPNQ

)
(2.90h)
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Ê [s][sss]
ghijNSPQ = −c ψ̄[s] [sss]

ghijNSPQ (2.90i)

Ê [s][ccs]
ghijNSPQ = −c

(
ψ̄[s] [scc]
gijhPNSQ + ψ̄[s] [ccs]

ghijNSPQ + ψ̄[s] [csc]
gjhiSPNQ

)
(2.90j)

F̂ [c]
gQ =

∑

j

∑

N

C̄gjNQ δ
[c]
NQc̄jN (2.90k)

F̂ [c]
gQ =

∑

j

∑

N

C̄gjNQ δ
[s]
NQs̄jNδN0 (2.90l)

Ĝ[c]
gQ =

∑

n

d0gnQ µ̄[2]
gn,2 2π δQ0 (2.90m)

Ĝ[s]
gQ = 0 (2.90n)

Ĥ [c]
gQ =

∑

n

d0gnQ e2ηqs e(n+δn4g)ηqs cosQ θqs (2.90o)

Ĥ [s]
gQ =

∑

n

d0gnQ e2ηqs e(n+δn4g)ηqs sinQ θqs (2.90p)

ͨͩ͠ɼ্ࣜʹ͓͍ͯ δ[c]NQͱ δ[s]NQ͸ θʹؔ͢Δఆੵ෼͔Βಋ͔ΕΔ߲Ͱ͋Γɼࣜ࣍ʹ

ࣔ͢௨ΓͰ͋Δɽ

δ[c]NQ = π (δNQ + δN0δQ0) (2.91a)

δ[s]NQ = π (δNQ − δN0δQ0) (2.91b)

ηʹؔ͢Δఆੵ෼͔Βಋ͔ΕΔ߲Λ੔ཧ͢Δ্Ͱɼηͷఆੵ෼Λ࣍ͷΑ͏ʹ͓͍ͨɽ

µ̄[2]
gn,p =

∫ η2

η1

epηe(n+δn4g)η dη (2.92a)

µ̄[1]
gjkn,p =

∫ η2

η1

η epηepgjknη dη (2.92b)

µ̄[2]
gjkn,p =

∫ η2

η1

epηepgjknη dη (2.92c)

µ̄[1][2]
ghijklmn,p−2 =

∫ η2

η1

e−2η epηepgjknηµ[1]
hilm,−p dη (2.92d)

µ̄[2][1]
ghijklmn,p−2 =

∫ η2

η1

η e−2η epηepgjknηµ[2]
hilm,−p dη (2.92e)

µ̄[2][2]
ghijklmn,p−2 =

∫ η2

η1

e−2η epηepgjknηµ[2]
hilm,−p dη (2.92f)

ࣜ (2.90c)ɼ(2.90f)ɼ(2.90k)ͳΒͼʹ (2.90l)ʹؚ·ΕΔ C̄gjNQ͸ࣜ࣍ʹࣔ͢௨ΓͰ͋Δɽ

C̄gjNQ =
∑

k

∑

n

{
d4jkN − 4d3jkN + 2

(
2−N2

)
d2jkN + 4N2d1jkN

+
(
N4 − 4N2

)
d0jkN

}
d0gnQ µ̄[2]

gjkn,−2 (2.93)
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ࣜ (2.90c)͔Β (2.90f)ʹ͓͍ͯ ψ̄[c] [c1]
gjNQɼψ̄

[c] [s1]
gjNQɼψ̄

[s] [c2]
gjNQɼψ̄

[s] [s2]
gjNQ͸ͭ͗ͷ௨ΓͰ͋Δɽ

ψ̄[α1] [α2]
gjNQ =

∑

k

∑

n

∑

M

∑

R

{(
ψ̄[α3][1]
gjknM d1jkN + ψ̄[α3][2]

gjknM d2jkN

−N2ψ̄[α3][3]
gjknM d0jkN

)
δ[q1]RMN

± 2N ψ̄[α3][4]
gjknM (d0jkN − d1jkN) δ

[q2]
RMN

}
d0gnQ δ

[α1]
RQ

(k, n = 0, 1, 2, 3, 4.M = 0, 1, 2, ..., 2Nmax. R = 0, 1, 2, ..., 3Nmax.) (2.94)

ͨͩ͠ɼ্ࣜͷα1ɼα2ɼα3ɼq1ɼq2ͳΒͼʹූ߸ʡ±ʡͷରԠؔ܎͸ද 2.7ʹࣔ͢௨Γ

Ͱ͋Δɽ͜͜Ͱɼ্ࣜʹؚ·ΕΔ ψ̄[α3][q]
gjknM , (q = 1 ∼ 4)͸ҎԼʹࣔ͢௨ΓͰ͋Δɽ

Table 2.7: Combinations among α3, q1, q2 and ”±” corresponding to α1 and α2 of ψ̄[α1][α2]
gjNS

α1 α2 α3 q1 q2 ±
c c1 c 1 2 −
c s1 s 2 1 −
s s2 c 3 4 +

s c2 s 4 3 +

ψ̄[α][1]
gjknM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2d[α]20 µ̄
[2]
gjkn,−2 + 2d[α]40 µ̄

[2]
gjkn,0 (α = c,M = 0)

0 (α = s,M = 0)

4d[α]21 µ̄
[2]
gjkn,−3 + 4d[α]31 µ̄

[2]
gjkn,1 − 2d[α]51 µ̄

[2]
gjkn,−1 (M = 1)

2M (M − 1) d[α]1M µ̄[2]
gjkn,−2+M

+2M (M + 1) d[α]2M µ̄[2]
gjkn,−(2+M)

+2M (M + 1) d[α]3M µ̄[2]
gjkn,M

+2M (M − 1) d[α]4M µ̄[2]
gjkn,−M (M ≥ 2)

(2.95a)
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ψ̄[α][2]
gjknM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[α]20 µ̄
[2]
gjkn,−2 + 2d[α]30 µ̄

[2]
gjkn,0

+d[α]40

(
µ̄[2]
gjkn,0 + 2µ̄[1]

gjkn,0

)
(α = c,M = 0)

0 (α = s,M = 0)

−2d[α]21 µ̄
[2]
gjkn,−3 + 2d[α]31 µ̄

[2]
gjkn,1

+d[α]41 µ̄
[2]
gjkn,−1 + 2d[α]51 µ̄

[2]
gjkn,−1 (M = 1)

M (1−M) d[α]1M µ̄[2]
gjkn,−2+M

−M (1 +M) d[α]2M µ̄[2]
gjkn,−(2+M)

+(2−M) (1 +M) d[α]3M µ̄[2]
gjkn,M

+(2 +M) (1−M) d[α]4M µ̄[2]
gjkn,−M (M ≥ 2)

(2.95b)

ψ̄[α][3]
gjknM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−d[α]20 µ̄
[2]
gjkn,−2 + 2d[α]30 µ̄

[2]
gjkn,0

+d[α]40

(
3µ̄[2]

gjkn,0 + 2µ̄[1]
gjkn,0

)
(α = c,M = 0)

0 (α = s,M = 0)

2d[α]21 µ̄
[2]
gjkn,−3 + 6d[α]31 µ̄

[2]
gjkn,1 + d[α]41 µ̄

[2]
gjkn,−1 (M = 1)

M (M − 1) d[α]1M µ̄[2]
gjkn,−2+M

+M (M + 1) d[α]2M µ̄[2]
gjkn,−(2+M)

+(2 +M) (1 +M) d[α]3M µ̄[2]
gjkn,M

+(2−M) (1−M) d[α]4M µ̄[2]
gjkn,−M (M ≥ 2)

(2.95c)

ψ̄[h][α][4]
gjknM =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 (α = c,M = 0)

d[α]10 µ̄
[2]
gjkn,−2 (α = s,M = 0)

2d[α]21 µ̄
[2]
gjkn,−3 − 2d[α]31 µ̄

[2]
gjkn,1 − d[α]41 µ̄

[2]
gjkn,−1 (M = 1)

−
{
(M − 1) d[α]1M µ̄[2]

gjkn,−2+M

− (M + 1) d[α]2M µ̄[2]
gjkn,−(2+M)

+(1 +M) d[α]3M µ̄[2]
gjkn,M

+(1−M) d[α]4M µ̄[2]
gjkn,−M

}
M (M ≥ 2)

(2.95d)

ࣜ (2.90c)͔Β (2.90j)ʹ͓͍ͯ ψ̄[c] [ccc]
ghijNSPQɼψ̄

[c] [css]
ghijNSPQɼψ̄

[c] [scs]
ghijNSPQɼψ̄

[c] [ssc]
ghijNSPQɼψ̄

[s] [scc]
ghijNSPQɼ
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ψ̄[s] [sss]
ghijNSPQɼψ̄

[s] [ccs]
ghijNSPQɼψ̄

[s] [csc]
ghijNSPQ͸ͭ͗ͷ௨ΓͰ͋Δɽ

ψ̄[α1] [α2]
ghijNSPQ =

∑

k

∑

n

∑

M

∑

R

{(
ψ̄[α3][1]
ghijknMSP d1jkN + ψ̄[α3][2]

ghijknMSP d2jkN

−N2ψ̄[α3][3]
ghijknMSP d0jkN

)
δ[q1]RMN

± 2N ψ̄[α3][4]
ghijknMSP (d0jkN − d1jkN) δ

[q2]
RMN

}
d0gnQ δ

[α1]
RQ

(k, n = 0, 1, 2, 3, 4.M = 0, 1, 2, ..., 2Nmax. R = 0, 1, 2, ..., 3Nmax.) (2.96)

ͨͩ͠ɼ্ࣜͷα1ɼα2ɼα3ɼq1ɼq2ͳΒͼʹූ߸ʡ±ʡͷରԠؔ܎͸ද 2.8ʹࣔ͢௨Γ

Ͱ͋Δɽ

Table 2.8: The combinations among α3, q1, q2 and ”±” corresponding to α1 and α2 of ψ̄[α1][α2]
ghijknNSPQ

α1 α2 α3 q1 q2 ±
c ccc cc 1 2 −
c css ss 1 2 −
c scs cs 2 1 −
c ssc sc 2 1 −
s scc cc 3 4 +

s sss ss 3 4 +

s ccs cs 4 3 +

s csc sc 4 3 +

ࣜ (2.96)ͷ ψ̄[α3][q]
ghijknMSP (α3 = cc, ss, cs, sc, q = 1, 2, 3, 4)͸ࣜ࣍Ͱࣔ͞ΕΔɽ

ψ̄[α][q]
ghijknMSP = ψ̄[h][α][q]

ghijknMSP + ψ̄[p][α][q]
ghijknMSP (2.97)

্ࣜʹ͓͍ͯ ψ̄[h][α][q]
ghijknMSP ͸ qʹରͯࣜ࣍͠Ͱࣔ͞ΕΔɽ

ψ̄[h][α][1]
ghijknMSP =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2d[α]2hi0SP µ̄
[2]
gjkn,−2 + 2d[α]4hi0SP µ̄

[2]
gjkn,0 (α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

4d[α]2hi1SP µ̄
[2]
gjkn,−3 + 4d[α]3hi1SP µ̄

[2]
gjkn,1

−2d[α]5hi1SP µ̄
[2]
gjkn,−1 (M = 1)

2M (M − 1) d[α]1hiMSP µ̄
[2]
gjkn,−2+M

+2M (M + 1) d[α]2hiMSP µ̄
[2]
gjkn,−(2+M)

+2M (M + 1) d[α]3hiMSP µ̄
[2]
gjkn,M

+2M (M − 1) d[α]4hiMSP µ̄
[2]
gjkn,−M (M ≥ 2)

(2.98a)
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ψ̄[h][α][2]
ghijknMSP =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d[α]2hi0SP µ̄
[2]
gjkn,−2 + 2d[α]3hi0SP µ̄

[2]
gjkn,0

+d[α]4hi0SP

(
µ̄[2]
gjkn,0 + 2µ̄[1]

gjkn,0

)
(α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

−2d[α]2hi1SP µ̄
[2]
gjkn,−3 + 2d[α]3hi1SP µ̄

[2]
gjkn,1

+d[α]4hi1SP µ̄
[2]
gjkn,−1 + 2d[α]5hi1SP µ̄

[2]
gjkn,−1 (M = 1)

M (1−M) d[α]1hiMSP µ̄
[2]
gjkn,−2+M

−M (1 +M) d[α]2hiMSP µ̄
[2]
gjkn,−(2+M)

+(2−M) (1 +M) d[α]3hiMSP µ̄
[2]
gjkn,M

+(2 +M) (1−M) d[α]4hiMSP µ̄
[2]
gjkn,−M (M ≥ 2)

(2.98b)

ψ̄[h][α][3]
ghijknMSP =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−d[α]2hi0SP µ̄
[2]
gjkn,−2 + 2d[α]3hi0SP µ̄

[2]
gjkn,0

+d[α]4hi0SP

(
3µ̄[2]

gjkn,0 + 2µ̄[1]
gjkn,0

)
(α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

2d[α]2hi1SP µ̄
[2]
gjkn,−3 + 6d[α]3hi1SP µ̄

[2]
gjkn,1

+d[α]4hi1SP µ̄
[2]
gjkn,−1 (M = 1)

M (M − 1) d[α]1hiMSP µ̄
[2]
gjkn,−2+M

+M (M + 1) d[α]2hiMSP µ̄
[2]
gjkn,−(2+M)

+(2 +M) (1 +M) d[α]3hiMSP µ̄
[2]
gjkn,M

+(2−M) (1−M) d[α]4hiMSP µ̄
[2]
gjkn,−M (M ≥ 2)

(2.98c)
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ψ̄[h][α][4]
ghijknMSP =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 (α = cc, ss,M = 0)

d[α]1hi0SP µ̄
[2]
gjkn,−2 (α = cs, sc,M = 0)

2d[α]2hi1SP µ̄
[2]
gjkn,−3 − 2d[α]3hi1SP µ̄

[2]
gjkn,1

−d[α]4hi1SP µ̄
[2]
gjkn,−1 (M = 1)

−
{
(M − 1) d[α]1hiMSP µ̄

[2]
gjkn,−2+M

− (M + 1) d[α]2hiMSP µ̄
[2]
gjkn,−(2+M)

+(1 +M) d[α]3hiMSP µ̄
[2]
gjkn,M

+(1−M) d[α]4hiMSP µ̄
[2]
gjkn,−M

}
M (M ≥ 2)

(2.98d)

·ͨɼࣜ (2.97)ʹ͓͍ͯ ψ̄[p][α][q]
ghijknMSP (α = cc, ss, cs, sc, q = 1, 2, 3, 4)͸ͭ͗ͷ௨ΓͰ

͋Δɽ

ψ̄[p][α][q]
ghijknMSP =

∑

l

∑

m

Ψ[α][q]
ghijklmnΦ

[α]
hilmMSP (2.99)

͜͜Ͱɼ্ࣜͷΨ[α][q]
ghijklmn͸ࣜ࣍ʹࣔ͢௨ΓͰ͋Δɽ

Ψ[α][1]
ghijklmn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1
2 µ̄

[2][2]
ghijklmn,−2 +

1
2 µ̄

[2][2]
ghijklmn,0 (α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

−1
4 µ̄

[2][2]
ghijklmn,−3 +

1
4 µ̄

[2][2]
ghijklmn,1 (M = 1)

−1
4 µ̄

[2][2]
ghijklmn,−2+M − 1

4 µ̄
[2][2]
ghijklmn,−2−M

+1
4 µ̄

[2][2]
ghijklmn,M + 1

4 µ̄
[2][2]
ghijklmn,−M (M ≥ 2)

(2.100a)

Ψ[α][2]
ghijklmn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
4 µ̄

[2][2]
ghijklmn,−2 − 1

2

(
µ̄[1][2]
ghijklmn,0 + µ̄[2][2]

ghijklmn,0

)

+1
4

(
µ̄[2][2]
ghijklmn,0 + 2µ̄[2][1]

ghijklmn,0

)
(α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

1
8 µ̄

[2][2]
ghijklmn,−3 +

1
8 µ̄

[2][2]
ghijklmn,1 − 1

4 µ̄
[2][2]
ghijklmn,−1 (M = 1)

1
8 µ̄

[2][2]
ghijklmn,−2+M + 1

8 µ̄
[2][2]
ghijklmn,−2−M

+1
8

2−M
M µ̄[2][2]

ghijklmn,M − 1
8

2+M
M µ̄[2][2]

ghijklmn,−M (M ≥ 2)

(2.100b)
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Ψ[α][3]
ghijklmn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1
4 µ̄

[2][2]
ghijklmn,−2 − 1

2

(
µ̄[1][2]
ghijklmn,0 + µ̄[2][2]

ghijklmn,0

)

+1
4

(
3µ̄[2][2]

ghijklmn,0 + 2µ̄[2][1]
ghijklmn,0

)
(α = cc, ss,M = 0)

0 (α = cs, sc,M = 0)

−1
8 µ̄

[2][2]
ghijklmn,−3 +

3
8 µ̄

[2][2]
ghijklmn,1 − 1

4 µ̄
[2][2]
ghijklmn,−1 (M = 1)

−1
8 µ̄

[2][2]
ghijklmn,−2+M − 1

8 µ̄
[2][2]
ghijklmn,−2−M

+1
8

2+M
M µ̄[2][2]

ghijklmn,M − 1
8

2−M
M µ̄[2][2]

ghijklmn,−M (M ≥ 2)

(2.100c)

Ψ[α][4]
ghijklmn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 (M = 0)

−1
8 µ̄

[2][2]
ghijklmn,−3 − 1

8 µ̄
[2][2]
ghijklmn,1 +

1
4 µ̄

[2][2]
ghijklmn,−1 (M = 1)

−
(
− 1

8
1
M µ̄[2][2]

ghijklmn,−2+M + 1
8

1
M µ̄[2][2]

ghijklmn,−2−M

+1
8

1
M µ̄[2][2]

ghijklmn,M − 1
8

1
M µ̄[2][2]

ghijklmn,−M

)
M (M ≥ 2)

(2.100d)

͜Ε·Ͱ͸ະ஌ؔؒ࣌਺Λ ĉjN ΍ ŝjN ͷΑ͏ʹपํ޲ͷ࠲ඪؔ਺ͷछྨɼ൒޲ํܘͷ

਺࣍ඪؔ਺ͷ࠲ jͳΒͼʹपํ޲ͷ࠲ඪؔ਺ͷ೾਺NͰఆٛͨ͠ɽࣜ (2.89a)ͱ (2.89b)

ͰಘΒΕͨඇઢܗৗඍ෼ํఔࣜΛ͞Βʹ੔ཧ͢ΔͨΊɼपํ޲ͷ࠲ඪؔ਺ͷछྨʹΑ

Βͣະ஌ؔؒ࣌਺Λ b̂iͱ͓͖ɼରԠ͢Δ൒޲ํܘͱपํ޲ͷ࠲ඪؔ਺ͷੵΛ ζiͱ͓͘ɽ

ࣜ (2.27)ͰԾఆͨͨ͠ΘΈwΛະ஌ؔؒ࣌਺ b̂iͱ࠲ඪؔ਺ ζiΛ༻͍Δͱࣜ࣍ͷ௨Γॻ

Β͑Δɽ͑׵͖

w (η, θ, τ) =
∑

i

b̂i (τ) ζi (η, θ) (2.101)

਺࣍ jɼN ͔Β i΁ͷม׵Ͱ͸ɼະ஌ؔؒ࣌਺ ĉjNɼŝjN ʹԠͯ͡ҎԼͷΑ͏ʹ৔߹෼

͚Λ͏ߦɽͨͩ͠पํ޲ͷ࠲ඪؔ਺͕ਖ਼ؔݭ਺͔ͭͦͷ೾਺͕ 0ͷ৔߹ͷະ஌ؔؒ࣌

਺͸আ֎͢Δɽ

i =

⎧
⎪⎨

⎪⎩

j + 1 + (N − 1)(jmax + 1) (if the unknown function is ŝjN .)

j + 1 + (N +Nmax)(jmax + 1) (if the unknown function is ĉjN .)
(2.102)

͜ΕΑΓɼ࣍਺ i͸ 1͔Β࢝·Γ࠷େ imax = (jmax + 1)(2Nmax + 1)ͱͳΔɽҰྫͱ͠

ͯɼj = 0 ∼ 1ɼN = 0 ∼ 1ͷ৔߹ʹ࣍਺ j,N ͔Β i΁ͷม׵Λ͢Δͱɼŝ01ɼŝ11ɼĉ00ɼ

ĉ10ɼĉ01ɼĉ11͸ͦΕͧΕɼb̂1 ∼ b̂6ʹରԠ͢Δɽ

Ҏ্ΑΓɼࣜ (2.89a)ͱ (2.89b)Ͱࣔͨ͠ඇઢܗৗඍ෼ํఔࣜ͸ͭ͗ͷΑ͏ʹ੔ཧ͞
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ΕΔɽ

−
∫ τ1

τ0

[∑

j

B̂ij b̂j,ττ +
∑

j

Ĉij b̂j +
∑

j

∑

k

∑

l

Êijklb̂j b̂kb̂l

− F̂i − Ĝi(ps + pd cosωτ)− Ĥiqs
]
δb̂ dτ = 0

(i, j, k, l = 1, 2, ..., imax) (2.103)

্ࣜΛ੩తมܗͱ੩తฏߧҐஔΛج४ͱͨ͠ಈతԠ౴ͷํఔࣜʹ෼཭͢ΔɽͨΘΈ

w (η, θ, τ)Λ੩ՙॏʹΑΔͨΘΈͰ͋Δ੩ͨΘΈ w̆ (η, θ)ͱ੩తฏߧҐஔ͔ΒͷಈతԠ

౴ w̃ (η, θ, τ)ͷ࿨Ͱͭ͗ͷΑ͏ʹࣔ͢ɽ

w (η, θ, τ) = w̆ (η, θ) + w̃ (η, θ, τ) (2.104)

੩ͨΘΈ w̆ͱಈతԠ౴ w̃͸ɼͨΘΈwͱಉ༷ͷ࠲ඪؔ਺Λ༻͍ͯ࣍ͷΑ͏ʹఆٛ͢Δɽ

[w̆ (η, θ, ) , w̃ (η, θ, τ)] =
∑

j

[b̆j, b̃j (τ)]ζj (η, θ) (2.105)

্ࣜͷ b̆͸੩ͨΘΈͷະ஌ఆ਺Ͱ͋Γɼb̃͸ະ஌ؔؒ࣌਺Ͱ͋Δɽ͜ΕΑΓɼͨΘΈw

ͷະ஌ؔؒ࣌਺ b̂j͸ͭ͗ͷΑ͏ʹද͞ΕΔɽ

b̂j (τ) = b̆j + b̃j (τ) (2.106)

্ࣜΛࣜ (2.103)ʹ୅ೖ͠ɼ੩తͳ߲ͱಈతͳ߲ʹ෼཭͢Δͱࣜ࣍ͱͳΔ

−
∫ τ1

τ0

[∑

j

Ĉij b̆j +
∑

j

∑

k

∑

l

Êij b̆j b̆kb̆l − F̂i − Ĝips − Ĥiqs

+
∑

j

B̂ij b̃j,ττ +
∑

j

C̃ij b̃j +
∑

j

∑

k

D̃ijkb̃j b̃k +
∑

j

∑

k

∑

l

Êijklb̃j b̃kb̃l

− Ĝipd cosωτ
]
δ(b̆ + b̃)dτ = 0 (2.107)

ͨͩ͠ɼC̃ijɼD̃ijk͸ͭ͗ʹࣔ͢ͱ͓ΓͰ͋Δɽ

C̃ij = Ĉij +
∑

k

∑

l

(
Êijkl + Êiklj + Êiljk

)
b̆kb̆l (2.108a)

D̃ijk =
∑

l

(
Êijkl + Êiklj + Êiljk

)
b̆l (2.108b)

ࣜ ʹ౳త߃͕(2.107) 0ͱͳΔͨΊʹ͸ɼ࣍ʹࣔ͢੩ՙॏʹର͢ΔͭΓ߹͍ࣜͱ੩త

ฏߧҐஔΛج४ͱͨ͠ӡಈํఔ͕ࣜͦΕͧΕ 0ͱͳΔඞཁ͕͋Δɽ

∑

j

Ĉij b̆j +
∑

j

∑

k

∑

l

Êij b̆j b̆kb̆l − F̂i − Ĝips − Ĥiqs = 0 (2.109a)
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∑

j

B̂ij b̃j,ττ +
∑

j

C̃ij b̃j +
∑

j

∑

k

D̃ijkb̃j b̃k +
∑

j

∑

k

∑

l

Êijklb̃j b̃kb̃l

− Ĝipd cosωτ = 0 (2.109b)

·ͣɼࣜ (2.109a)ΑΓɼ੩ՙॏʹର͢Δ b̆͸ܾఆ͞ΕΔɽಘΒΕͨ b̆Λ༻͍ͯࣜ (2.109b)

ͷઢܗͱೋ࣍ͷඇઢܗͷ෮߲ྗݩͷ܎਺ C̃ijͱ D̃ijk͸ಘΒΕΔɽ

͍ͭͰɼઢܗͷݻ༗ৼಈ਺ͱݻ༗ৼಈϞʔυΛܾఆ͢ΔͨΊʹɼࣜ (2.109b)ͷඇઢ

ΛಘΔɽࣜ࣍ͱ֎ྗ߲Λলུ͢Δͱɼ߲ྗݩͷ෮ܗ
∑

j

B̂ij b̃j,ττ +
∑

j

C̃ij b̃j = 0 (2.110)

͜͜Ͱ b̃j = B̃j cosωτ ͱԾఆ͠ɼ্ࣜʹ୅ೖ͢Δɽݻ༗஋໰୊Λղ͖ɼઢݻܗ༗ৼಈ਺

ͱରԠ͢Δݻ༗ϕΫτϧ͕ಘΒΕΔɽi࣍ͷݻ༗ৼಈ਺ ωiʹରԠ͢Δݻ༗ϕΫτϧͷ

੒෼Λ φip (p = 1, 2, ..., imax)ͱ͢Δɽ͜͜ͰɼӡಈํఔࣜΛݻ༗ৼಈϞʔυʹجͮ͘ج

४࠲ඪͰදͨ͠ݱͱ͖ʹ߲ྗੑ׳ͷ܎਺Λ 1ͱ͢ΔͨΊɼݻ༗ϕΫτϧͷ੒෼ φipΛͭ

͗ͷΑ͏ʹج४Խ͠ ψipͱ͓͘ɽ

ψip =
φip√∑

m

∑

n

φimB̂mnφin

(m,n = 1, 2, ..., imax) (2.111)

༗ৼಈϞʔυݻܗ༗ϕΫτϧΛ΋ͱʹɼઢݻ४Խͨ͠ج ζ̃iΛ࣍ͷΑ͏ʹఆΊΔɽ

ζ̃i =
1

ni

∑

p

ψipζp (2.112)

ͨͩ͠ɼni͸ i࣍ৼಈϞʔυͷ࠷େৼ෯Λ୯Ґ௕͞ʹ͢ΔͨΊͷఆ਺Ͱ͋Δɽ͜͜Ͱɼ

ಈతԠ౴ w̃Λݻ༗ৼಈϞʔυ ζ̃jͱݻ༗ৼಈϞʔυʹجͮ͘ج४࠲ඪ bjͰද͢ݱΔͱ࣍

ࣜͱͳΔɽ

w̃ =
∑

j

ζ̃jbj (2.113)

্ࣜͱಈతԠ౴Λ࠲ඪؔ਺ͱະ஌ؔؒ࣌਺ͷੵͰදࣜͨ͠ݱ (2.105)ͱൺֱ͢Δͱɼະ

஌ؔؒ࣌਺ b̃q͸ج४࠲ඪ bjΛ༻͍Δͱͭ͗ͷΑ͏ʹද͞ΕΔɽ

b̃q =
∑

j

1

nj
ψjqbj (2.114)

͜ͷ݁ՌΛ༻͍ͯج४࠲ඪʹมͨ͠׵ӡಈํఔࣜͱ֤܎਺͸ͭ͗ͷ௨ΓͰ͋Δɽ

bi,ττ + 2εiωibi,τ + ω2
i bi +

∑

j

∑

k

Dijkbjbk +
∑

j

∑

k

∑

l

Eijklbjbkbl

−Gipd cosωτ = 0

(i, j, k, l = 1, 2, ..., imax) (2.115)
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ͨͩ͠ɼ্ࣜʹ͓͚Δ֤߲ͷ܎਺͸ҎԼʹࣔ͢௨ΓͰ͋Δɽ

Dijk =
ni

njnk

∑

p

∑

q

∑

r

D̃pqrψipψjqψkr (2.116a)

Eijkl =
ni

njnknl

∑

p

∑

q

∑

r

∑

s

Êpqrsψipψjqψkrψls (2.116b)

Gi = ni

∑

p

Ĝpψip (p, q, r, s = 1, 2, ..., imax) (2.116c)

ӡಈํఔࣜͰ͸৽ͨʹઢݮܗਰͷ߲Λಋೖ͍ͯ͠Δɽεi͸ i࣍ৼಈϞʔυͷݮਰൺΛ

ද͢ɽ

2.3.7 ղੳ৚݅

ղੳͰ͸ɼͨΘΈํ޲ͷڥք৚݅Λ಺पล͸ݻఆɼ֎पล͸ࣗ༝ͱ͢Δɽ໘಺ͷڥ

ք৚݅ͱͯ͠ɼ಺पลͰ͸൒޲ํܘͱपํ޲΁໘಺มҐΛ༩͑ɼ֎पล͸ࣗ༝ͱ͢Δɽ

ͨΘΈํ޲ͷڥք৚݅Λຬ଍͢ΔͨΘΈͷ࠲ඪؔ਺Λܾఆ͢Δɽྀ͢ߟΔ൒޲ํܘͷ

਺͸࣍ඪؔ਺ͷ࠲ j = 0 ∼ 2ͱ͠ɼपํ޲ʹ͸N = 0 ∼ 6ͱ͢Δɽ͜ΕΑΓɼ࣠ରশ

ϞʔυʹՃ͑ඇରশϞʔυ΋ྀߟͰ͖Δɽ߲ۙࣅ਺͸ 39߲Ͱ͋ΔɽಘΒΕͨͨΘΈͷ

ք৚݅Λຬ଍͢ΔԠྗؔ਺Λܾఆ͢ΔɽͨΘΈͱԠྗؔ਺ڥඪؔ਺Λ༻͍ͯ໘಺ͷ࠲

Λࢧ഑ํఔࣜʹ୅ೖ͢ΔɽΨϥʔΩϯ๏Λ༻͍ͯແࣗݶ༝౓ͷӡಈํఔࣜΛ༗ݶଟࣗ

༝౓ܥ΁ม͢׵ΔɽͨΘΈΛ੩ͨΘΈͱಈతԠ౴ͷ࿨Ͱද͠ɼ੩ͨΘΈʹؔ͢Δඇઢ

࿈ཱৗඍ෼ํఔ͕ࣜಘΒΕΔɽ੩ͨΘΈؔܗ࿈ཱํఔࣜͱಈతԠ౴ʹ͍ͭͯͷඇઢܗ

͢Δ࿈ཱํఔ͔ࣜΒ੩తมܗɼ෮ྗݩಛੑ͕ಘΒΕΔɽಈతԠ౴ʹ͍ͭͯͷඇઢܗ࿈

ཱৗඍ෼ํఔ͔ࣜΒઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυ͕ಘΒΕΔɽಘΒΕͨݻ༗ৼಈ

ϞʔυΛ༻͍ͯಈతԠ౴ʹ͍ͭͯͷৗඍ෼ํఔࣜΛݻ༗ৼಈϞʔυʹجͮ͘ج४࠲ඪ

΁ม͢׵ΔɽۙࣅϞʔυ਺Λ 8ͱͯ͠ɼRunge-Kutta-Gill๏ʹΑΔ௚઀਺஋ੵ෼͔Β

प೾਺Ԡ౴ۂઢɼྻܥ࣌೾ܗΛಘΔɽ֤ৼಈϞʔυͷݮਰൺ εi͸ɼ࣮ݧΛ΋ͱʹද 2.9

ࣔ͢஋Λ༻͍ͨɽ

2.3.8 ॳͨظΘΈͱڥքʹ͓͚Δ໘಺มҐͷܾఆํ๏

ͷԹ౓৚݅ʹΑΓൃੜ࣌͢ݧ࣮ʹఆͳΒͼݻͰ͸ɼ൘ͷ੾Γग़͠ͱ಺पลͰͷݧ࣮

ΔڥքͰͷ໘಺มҐͷӨڹΛड͚ɼ൘͸ॳͨظΘΈΛ༗͢Δɽ࣮ڥ͍͓ͯʹݧքͰͷ

໘಺มҐͱॳͨظΘΈͷਫ਼ີͳଌఆ͸ඇৗʹࠔ೉Ͱ͋Δɽͦ͜ͰຊڀݚͰ͸ɼ࣮ݧʹ

͓͚ΔࣗॏԼͰͷมܗܗঢ়ɼઢݻܗ༗ৼಈ਺ͳΒͼʹ෮ྗݩಛੑΛجʹͯ͠ɼڥքͰ

ͷ໘಺มҐͱॳͨظΘΈΛҎԼͷΑ͏ʹܾఆͨ͠ɽࣜ (2.109a)Ͱࣔͨ͠੩ͨΘΈͷඇ
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Table 2.9: Damping ratio εi corresponding to ith vibration mode.

i εi

1 0.0022

2 0.0017

3 0.0012

4 0.0011

5 0.0009

6 0.0011

7 0.0011

8 0.0010

ઢܗ࿈ཱํఔࣜʹ͓͍ͯɼະ஌਺͸ॳͨظΘΈͷະఆ܎਺ b̄ͱڥքͰͷ໘಺มҐ uiɼvi

Ͱ͋Δɽ·ͣɼॳظ஋ͱͯ͠໘಺มҐ uiɼviΛબͿɽ࣮ݧʹ͓͚ΔࣗॏԼͰͷมܗܗঢ়

Λ࠲ඪؔ਺ͷઢ݁ܗ߹Λ༻͍ͯۙ͠ࣅɼ੩ͨΘΈʹؔ͢Δఆ਺ b̆Λܾఆ͢Δɽॳظ஋ͱ

ͯ͠༩͑ͨڥքͰͷ໘಺มҐ uiɼviͱ੩ͨΘΈʹؔ͢Δఆ਺ b̆Λࣜ (2.109a)ʹ୅ೖ͠ɼ

ඇઢܗͷ࿈ཱํఔࣜΛղ͘ͱॳͨظΘΈʹؔ͢Δະ஌਺ b͕ܾ̄ఆ͞ΕΔɽ͍ͭͰɼڥ

քͰͷ໘಺มҐΛܾఆ͢ΔͨΊʹ࣮ݧʹ͓͚Δઢݻܗ༗ৼಈ਺ͱ෮ྗݩಛੑΛ༻͍ͨɽ

ͷ੩ͨΘΈͷࠩΛͱΔɽࡍಛੑʹ͓͍ͯɼूதՙॏ͕౳͍͠ྗݩͱղੳʹ͓͚Δ෮ݧ࣮

ಉ༷ʹɼ࣮ݧͱղੳͷݻ༗ৼಈ਺ͷࠩΛͱΔɽͨͩ͠ɼ੩ͨΘΈͱݻ༗ৼಈ਺͸ͦΕ

ͧΕ࣮ݧʹ͓͚Δ஋Ͱج४Խͨ͠ɽෳ਺ͷूதՙॏʹ͓͚Δ੩ͨΘΈͱෳ਺ͷઢݻܗ

༗ৼಈ਺ͷ͕ࠩ਺஋తʹ࠷খͱͳΔ৚͔݅Βɼڥքʹ͓͚Δ໘಺มҐΛܾఆͨ͠ɽ

ड़ͷޙ 2.5.1߲ʹࣔ͢෮ྗݩಛੑͱઢݻܗ༗ৼಈ਺ͷ࣮݁ݧՌ͔ΒڥքͰͷ໘಺มҐ

Λܾఆͨ͠ɽڥքͰͷ໘಺มҐΛܾఆ͢ΔࢉܭͰ͸ɼਤ 2.8தͷ 1͔Β 8ʹࣔ͢ूதՙ

ॏͰͷ੩ͨΘΈΛબͼɼද 2.10ͷ࠷௿͔࣍Β 5൪໨ͷݻ༗ৼಈ਺ΛબΜͩɽ·ͣɼڥ

քʹ͓͍ͯ೾਺M(M = 0, 1, 2, ..., 6)ͷ൒޲ํܘͱपํ޲ͷ໘಺มҐΛ༩͑ɼͦΕͧ

Εͷ೾਺͕ઢݻܗ༗ৼಈ਺ʹ༩͑ΔӨڹΛௐ΂ͨɽͦͷ݁Ռɼઢݻܗ༗ৼಈ਺͸೾਺

M = 0, 2, 4ͷ৔߹ʹൺֱతେ͖ͳมԽͨ͠ɽ͜ΕΑΓɼຊڀݚͰ͸ڥքͰͷ໘಺มҐ

Ͱྀ͢ߟΔ೾਺ΛM = 0, 2, 4ͱͨ͠ɽࢉܭʹΑΓಘΒΕͨڥքʹ͓͚Δ൒޲ํܘͱप

ͷ໘಺มҐΛਤ޲ํ 2.6ࣔ͢ɽਤͷԣ࣠͸पํ޲ͷ࠲ඪ θ [rad]Ͱ͋Γɼॎ࣠͸໘಺มҐ

Ͱ͋Δɽਤதʹ͓͚Δ࣮ઢͱഁઢ͸ͦΕͧΕɼڥքʹ͓͚Δ൒޲ํܘͱपํ޲ͷ໘಺

มҐ uiɼviͰ͋ΔɽڥքͰͷ൒޲ํܘͱपํ޲ͷ໘಺มҐͷઈର஋ͷ࠷େ͸ɼͦΕͧ

Ε 15ͱ 33Ͱ͋Δɽ͜ΕΒΛ༗ݩ࣍Ͱද͢ͱͦΕͧΕɼ11× 10−3 mmͱ 23× 10−3 mm

Ͱ͋Δɽ
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Fig 2.6: Identified in-plane displacement at the clamped boundary in the radial and the circumferential

direction.

2.4 ΧΦεৼಈͷධՁ

ΧΦεৼಈΛෳ਺ͷํ๏ͰධՁͨ͠ɽΧΦεৼಈͷྻܥ࣌೾ܗʹ͸ෆنଇͳৼ෯ͷ

มԽ͕ΈΒΕΔɽप೾਺෼ੳ݁ՌͰ͸ΧΦεৼಈʹد༩͢ΔৼಈϞʔυͷݻ༗ৼಈ਺

ۙ๣ͰݦஶͳεϖΫτϧͷϐʔΫ͕֬ೝͰ͖Δɽ͞Βʹ෯͍޿ৼಈ਺ൣғͰৼಈ਺੒

෼͕༠͞ىΕΔɽϙΞϯΧϨࣸ૾ਤͰ͸ɼࣸ૾఺͕ൣ޿ғʹ෼͢ࢄΔɽ

ΧΦεৼಈΛ֬ఆ͢ΔͨΊʹɼ࠷େϦϟϓϊϑࢦ਺ͱຒΊࠐΈݩ࣍ͷؔ܎Λௐ΂Δɽ

ຊڀݚͰ͸ɼWolf[11]ͷํ๏ʹΑΓྻܥ࣌೾͔ܗΒຒΊࠐΈݩ࣍ eͱ࠷େϦϟϓϊϑࢦ

਺ λmaxΛͨ͠ࢉܭɽຒΊࠐΈݩ࣍ͷ૿Ճʹର͢Δ࠷େϦϟϓϊϑࢦ਺ͷਖ਼஋΁ͷऩଋ

͔ΒΧΦεৼಈͷ֬ఆ͕Ͱ͖Δɽ࠷େϦϟϓϊϑࢦ਺͕ऩଋͨ͠ࡍͷຒΊࠐΈݩ࣍ͷ

൒෼ͷ਺͕ΧΦεৼಈʹد༩͢ΔৼಈϞʔυ਺ʹରԠ͢Δɽ

ΧΦεৼಈʹد༩͢ΔৼಈϞʔυͱͦͷد༩཰Λௐ΂ΔͨΊɼओ੒෼෼ੳ [12]Λ༻

͍ͨɽଟ఺ಉܭ࣌ଌ͞ΕͨͨΘΈͷྻܥ࣌೾͔ܗΒ෼ڞࢄ෼ྻߦࢄΛ͢ࢉܭΔɽಘΒ

Εͨྻߦͷݻ༗஋ͱݻ༗ϕΫτϧΛ͢ࢉܭΔɽݻ༗ϕΫτϧ͔ΒΧΦεৼಈʹد༩͢

ΔৼಈϞʔυʹରԠ͢Δมܗύλʔϯ͕ಘΒΕΔɽ͢΂ͯͷݻ༗஋ͷ࿨ʹର͢Δ i൪໨

ͷݻ༗஋ͷൺ͔Β i൪໨ͷมܗύλʔϯʹରԠ͢Δد༩཰͕ಘΒΕΔɽ͞ΒʹຊڀݚͰ

͸ɼओ੒෼෼ੳʹ༻͍Δྻܥ࣌೾ܗͷؒ࣌௕Λ୹ִؒؒ࣌ʹ෼ׂͦ͠ΕͧΕͷ۠ؒ͝

ͱʹ෼ੳΛ͍ߦɼΧΦεৼಈʹد༩͢ΔৼಈϞʔυͱد༩཰ͷؒ࣌มԽΛݕ౼ͨ͠ɽ

2.5 ݁Ռ͓Αͼݕ౼

2.5.1 ຊಛੑج

ਤ 2.7(a)ʹ࣮ݧʹ͓͚Δԁ؀൘ͷࣗॏԼͰͷมܗܗঢ়Λ౳ߴઢͰࣔ͢ɽਤதͷഁઢ͸

಺पลͱ֎पลʹରԠ͢Δɽਤதʹࣔͨ͠਺஋͸ແݩ࣍ͷมྔܗͰ͋Δɽมྔܗͷج४
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ඪ͸࠲ (ξ, θ) = (0.28, 0)ͱͨ͠ɽਤΑΓɼ൘͸ θ = 0ɼπ radํ޲Ͱ z࣠ਖ਼ํ޲΁େ͖ͳ

มܗΛࣔ͠ɼθ = π/2 radͰ͸ z࣠ෛํ޲΁ͷมܗΛࣔ͢ɽ൘ͷ࠷େͷมܗ͸ θ = π rad

ۙ๣Ͱ൘ްͷ 2ഒఔ౓ൃੜ͍ͯ͠Δɽ֎൒ܘͱ಺൒ܘͷੇ๏ࠩʹର͢Δมܗͷ࠷େ஋͸

0.9× 10−3ഒͱখ͍͞ɽղੳʹΑΓಘΒΕͨॳͨظΘΈͷܗঢ়Λ౳ߴઢͰਤ 2.7(b)ʹࣔ

͢ɽॳͨظΘΈͷܗঢ়͸࣮ݧʹ͓͚ΔࣗॏԼͷมܗܗঢ়ʹ͍ۙɽ֯౓ θ = π/2 radۙ๣

Ͱ͸ z࣠ෛํ޲΁ͷॳͨظΘΈ͕ੜ͍ͯ͡Δɽ൘ͷ࠷େͷॳͨظΘΈ͸࠲ඪ θ = π rad

ۙ๣Ͱ൘ްఔ౓ൃੜ͍ͯ͠Δɽ

(a)experiment (b)analysis
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Fig 2.7: Configuration of the plate: (a)deformed configuration under the gravity in the experiment,

(b)inital deflection in the analysis.

ԁ؀൘ͷઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυΛද 2.10ʹࣔ͢ɽද 2.10(a)ɼ(b)͸ͦΕͧ

Ε࣮ݧͱղੳ݁ՌͰ͋ΔɽͦΕͧΕදʹ͓͍ͯɼ্ஈ͔Βઅ௚ܘͷ਺ʹରԠͨ࣍͠਺

iɼৼಈϞʔυͷ֓ܗɼ֤ݻ༗ৼಈϞʔυͷແݩ࣍ͷઢݻܗ༗ৼಈ਺Ͱ͋ΔɽৼಈϞʔ

υͷ֓ܗʹ͓͍ͯɼഁઢ͸ৼಈϞʔυͷઅઢΛࣔ͢ɽઅ௚ܘͷ਺͕౳͘͠ҟͳΔઢܗ

༗ৼಈ਺͕௿͍ৼಈϞʔυͰ͸ݻ༗ৼಈ਺Λࣔ͢ৼಈϞʔυΛ۠ผ͢ΔͨΊɼݻ aΛ

ৼಈϞʔυͰ͸͍ߴ༗ৼಈ਺͕ݻ bΛ࣍਺ iʹ෇͚Ճ͑ͨɽ࣮ݧͰ͸ɼઅ௚ܘΛ 1ɼ2ɼ

ͳΒͼʹ 3ຊ༗͢ΔৼಈϞʔυͷ͓͍ͯઅ௚ܘͷ਺͕౳͍͠ৼಈϞʔυΛೋͭͣͭ֬

ೝͨ͠ɽ͜ΕΒͷݻ༗ৼಈϞʔυͷݻ༗ৼಈ਺͸ҟͳΓɼઅ௚ܘ͸पํ޲΁໿ 1/4೾

௕ͣΒͨؔ͠܎ʹ͋Δɽઢݻܗ༗ৼಈ਺ʹ஫໨͢Δͱ 0Ϟʔυͱ 1aϞʔυͷݻ༗ৼಈ

਺͕ඇৗʹۙ઀͍ͯ͠Δɽղੳʹ͓͚Δݻ༗ৼಈ਺͸࣮݁ݧՌͱൺֱత͍ۙ஋Λࣔ͠

ͨɽݻ༗ৼಈϞʔυʹ͓͚Δઅ௚ܘͷҐஔʹ஫໨͢Δͱɼઅ௚ܘΛ 1ɼ2ͳΒͼʹ 3ຊ

༗͢ΔৼಈϞʔυͰ͸ൺֱత࣮ݧͱ͍ۙҐஔʹઅ௚ܘΛ༗͢Δɽ͔͠͠ղੳͰ͸ɼ࣮

ͷݧ 0ϞʔυʹରԠ͢ΔৼಈϞʔυͰଞͷྖҬͱ͸Ґ૬ͷҟͳΔྖ͍ڱҬ͕ଘ͢ࡏΔɽ

Ґ૬ͷҟͳΔ෦෼ͷৼ෯͸ɼৼಈϞʔυͷ࠷େৼ෯ʹൺ΂ 1/10ఔ౓ͱൺֱతখ͍ͨ͞

Ίɼ࣍਺ i͸ศ্ٓ 0ͱ͢Δɽ
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Table 2.10: Linear naural requencies and corresponding modes of vibration.

� i

Modal
pattern

i

3.01

1a

4.81

0

4.88

1b

6.35

2a

7.80

2b

12.0

3a

12.3

3b

�

�

� i

Modal
pattern

3.55 4.76 5.35 6.17 7.93 12.8 13.1

�

�   

(a)Experiment

(b)Analysis

i 1a 0 1b 2a 2b 3a 3b

ԁ؀൘ͷ෮ྗݩಛੑΛਤ 2.8ʹࣔ͢ɽਤͷԣ࣠͸੩తฏߧҐஔ͔Βͷ੩ͨΘΈ wsͰ

͋Γɼॎ࣠͸ूதՙॏ qsͰ͋Δɽ൘ͷࣗ༝ลۙ๣ͷ (ξ, θ) = (0.92, 0)ʹूதՙॏΛՃ

ͷɼଌఆ఺ࡍͨ͑ (ξ, θ) = (0.52, 0)ͱ (0.60, π)ͷ੩ͨΘΈΛࣔ͢ɽ࣮ݧʹ͓͚Δଌఆ఺

(ξ, θ) = (0.52, 0)ͱ (0.60, π)Ͱͷ੩ͨΘΈΛͦΕͧΕփ৭ͷؙҹͱ֯ࡾҹͰࣔ͢ɽଌఆ

఺ (0.52, 0)Ͱ͸ɼूதՙॏΛ੩తฏߧҐஔ͔Βਖ਼ํ޲ʹ૿Ճͤ͞Δͱ઴ܕߗͷ෮ྗݩ

ಛੑΛࣔ͢ɽҰํɼෛํ޲΁૿Ճͤ͞ΔͱΘ͔ͣͳ઴ೈܕΛࣔͨ͠ޙɼ઴ܕߗͷ෮ྗݩ

ಛੑΛࣔ͢ɽ͜ΕΑΓ࣮ݧʹ͓͚Δԁ؀൘͸ूதՙॏʹରͯ͠઴ೈ-઴ܕߗͷ෮ྗݩಛ

ੑΛ༗͢Δɽ൘ͷத৺ʹରͯ͠൓ରଆͷଌఆ఺ (0.60, π)Ͱ͸ՙॏͷ૿Ճʹରͯ͠ଌఆ

఺ (0.52, 0)ͱ͸޲ํٯʹ੩ͨΘΈ͕૿Ճͨ͠ɽղੳʹ͓͚Δଌఆ఺ (ξ, θ) = (0.52, 0)ͱ

(0.60, π)Ͱͷ੩ͨΘΈΛͦΕͧΕࠇ৭ͷ࣮ઢͱഁઢͰࣔ͢ɽଌఆ఺ (0.52, 0)Ͱ͸ղੳʹ

͓͍ͯ΋઴ೈ-઴ܕߗͷ෮ྗݩಛੑΛࣔ͠ɼଌఆ఺ (0.60, π)Ͱ͸ՙॏʹରͯ͠ (0.52, 0)

ͱ͸޲ํٯʹ੩ͨΘΈ͕૿Ճ͢Δɽ࣮ݧͱղੳͷ݁ՌΛൺֱ͢ΔͱɼͲͪΒ΋ूதՙ

ॏʹରͯ͠઴ೈ-઴ܕߗͷ෮ྗݩಛੑΛࣔ͠ɼूதՙॏʹର͢Δ੩ͨΘΈ΋ྑ޷ʹҰக

͍ͯ͠Δɽ

2.5.2 प೾਺Ԡ౴ۂઢ

ਤ 2.9(a)ɼ(b)ʹ࣮ݧͱղੳʹΑΓಘΒΕͨप೾਺Ԡ౴ۂઢΛࣔ͢ɽ্ஈ͔ΒͦΕͧ

Εແݩ࣍ՃৼՃ଎౓ৼ෯ pd͕ pd = 2.7, 4.5, 5.4ʹ͓͚Δप೾਺Ԡ౴ۂઢͰ͋Δɽ֤ਤͷ

ॎ࣠͸࠲ඪ (ξ, θ) = (0.92, 0)ͰͷԠ౴ͷ࣮ޮ஋ৼ෯Ͱ͋Γɼԣ࣠͸Ճৼৼಈ਺Ͱ͋Δɽ

ԣ্࣠ʹɼؙҹͰઢݻܗ༗ৼಈ਺Λࣔͨ͠ɽਤதʹ͓͍ͯ (i, p)͸ iϞʔυͷ pڞ࣍ৼ

Ԡ౴Λҙຯ͢Δɽ
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Fig 2.8: Characteristics of restoring force of the palte: experimental results, ⃝ measured at (ξ, θ) =

(0.52, 0), △ measured at (ξ, θ) = (0.60,π). Analytical results, — measured at (ξ, θ) = (0.52, 0), - -

measured at (ξ, θ) = (0.60,π).

ΔՃৼՃ଎౓ৼ෯͕͚͓ʹݧ࣮ pd = 2.7ͷ৔߹͸ɼω = 2.8ۙ๣Ͱ 1aϞʔυͷओڞ

ৼԠ౴ (1a, 1)͕ൃੜ͠ɼω = 3.7Ͱ͸ 0Ϟʔυͱ 1aϞʔυͷ݁߹ڞܕৼԠ౴͕ൃੜ͠

ͨɽ0ͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣ͷω = 4.0͔Β 5.1Ͱ͸Ճৼৼಈ਺ͷݮগʹରͯ͠

Ԡ౴ৼ෯͕૿Ճ͢ΔඇपظͷڞৼԠ౴͕֬ೝͰ͖Δɽω = 6.1ۙ๣Ͱ͸ 1aϞʔυͷ 1/2

ৼԠ౴ڞௐ೾࣍෼਺࣍ (1a, 1/2)͕ൃੜ͠ɼwrms = 1.5ఔ౓Ͱ൘͸઴ೈܕͷ෮ྗݩಛੑ

ʹରԠ͢ΔԠ౴Λࣔͨ͠ɽω = 9.6Ͱ͸઴ೈܕͷ෮ྗݩಛੑʹରԠͨ͠ 1bϞʔυͷ 1/2

ৼԠ౴ڞௐ೾࣍෼਺࣍ (1b, 1/2)͕ൃੜͨ͠ɽղੳͰ͸ɼ1aɼ0ɼ1bɼ2bϞʔυʹؔ͠

ৼԠ౴ΛڞಛੑʹରԠͨ͠ྗݩͷ෮ܕͰ͸઴ೈݧৼԠ౴͕֬ೝ͞Εͨɽ࣮ڞஶͳݦͯ

ࣔͨ͠ 1bϞʔυͷ ಛੑʹରԠྗݩͷ෮ܕߗৼԠ౴͸ɼղੳͰ͸઴ڞௐ೾࣍෼਺࣍1/2

ʹͱಉ༷ݧৼԠ౴Λࣔͨ͠ɽ࣮ڞͨ͠ 0ͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱ͸ඇपظԠ౴

ͷൃੜΛ֬ೝͰ͖Δ͕ɼՃৼৼಈ਺ͷ૿Ճʹରͯ͠Ԡ౴ৼ෯͕૿Ճ͢ΔԠ౴Λࣔͯ͠

͍ΔɽՃৼՃ଎౓ৼ෯Λ૿Ճͤ͞Δͱ࣮ݧͱղੳʹ͓͍ͯ 0Ϟʔυͱ 1bϞʔυͷݻ༗

ৼಈ਺ۙ๣ͷඇपظԠ౴Λࣔ͢ৼಈ਺ൣғ͕֦େ͢ΔɽՃৼՃ଎౓ৼ෯͕ pd = 5.4ͷ

৔߹Ͱ͸ɼ࣮ݧʹ͓͍ͯ ω = 3.1ۙ๣ͷඇڞৼԠ౴Λআ͘௿ৼಈ਺ൣғʹ͓͍ͯɼඇ

पظԠ౴͕֬ೝͰ͖ΔɽղੳͰ͸ɼ࣮ݧʹൺ΂ඇपظԠ౴Λࣔ͢ৼಈ਺ൣғ͸͘ڱͳ

Δ΋ͷͷɼ0Ϟʔυͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣ͷڞৼԠ౴ʹ͓͍ͯඇपظԠ౴͕֬

ೝ͞ΕͨɽຊڀݚͰ͸ɼՃৼՃ଎౓ৼ෯ pd = 5.4ͰՃৼͨ͠ࡍͷ࣮ݧͱղੳʹ͓͍ͯ

ੜͨ͠ൃʹڞ 0Ϟʔυͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣ͷඇपظԠ౴ʹ͍ͭͯ෼ੳΛ͍ߦ

݁ՌΛൺֱ͢Δɽ
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Fig 2.9: Frequency responce curves: (a) experimental results, (b) analytical results.
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2.5.3 ΧΦεৼಈ

0Ϟʔυͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱൃੜͨ͠ඇपظԠ౴ʹ͍ͭͯɼ࣮ݧͱղੳͷ

ͨΘΈͱͦͷप೾਺෼ੳ݁ՌΛൺֱ͢Δɽ࠲ඪ (ξ, θ) = (0.92, 0)Ͱऩ࿥࣮ͨ͠ݧͱղੳ

ʹ͓͚ΔͨΘΈͷྻܥ࣌೾ܗͱप೾਺෼ੳ݁ՌΛਤ 2.10(a)ɼ(b)ʹࣔ͢ɽਤͷࠨӈʹ࣌

਺Ͱظ४ͱͨ͠पجΛظͷԣ࣠͸Ճৼपܗ೾ྻܥ࣌ͱप೾਺෼ੳ݁ՌΛࣔ͢ɽܗ೾ྻܥ

͋Γɼॎ࣠͸ͨΘΈͰ͋Δɽप೾਺෼ੳͷԣ࣠͸प೾਺Ͱ͋Γɼॎ࣠͸ৼ෯εϖΫτϧΛ

σγϕϧ஋Ͱ͍ࣔͯ͠Δɽਤ 2.10(a)͸࣮ݧΑΓಘΒΕͨՃৼৼಈ਺ω = 3.43, 4.65, 4.83

ͷ݁ՌͰ͋ΔɽಈతԠ౴ͷྻܥ࣌೾ܗͰ͸ɼ͍ͣΕͷՃৼৼಈ਺Ͱ΋εύΠΫঢ়ͷඇप

ஶݦతͳԠ౴Λ͍ࣔͯ͠Δɽप೾਺෼ੳ݁ՌͰ͸ɼՃৼৼಈ਺ʹৼ෯εϖΫτϧͷظ

ͳϐʔΫΛ֬ೝͰ͖Δɽ͞Βʹ෯͍޿प೾਺ൣғʹΘͨΓৼಈ਺੒෼ͷ༠͕֬ىೝͰ

͖ΔɽղੳʹΑΓಘΒΕͨྻܥ࣌೾ܗͱप೾਺෼ੳ݁ՌΛਤ 2.10(b)ʹࣔ͢ɽਤ 2.10(b)

͸Ճৼৼಈ਺ω = 4.60, 5.30, 5.60ͷ݁ՌͰ͋Δɽྻܥ࣌೾ܗ͸࣮ݧͰಘΒΕͨ݁Ռͱಉ

༷ʹεύΠΫঢ়ͷඇपظతͳԠ౴Λ֬ೝͰ͖Δɽप೾਺෼ੳ݁ՌͰ͸ɼ࣮ݧͱಉ༷ʹ

෯͍޿प೾਺ൣғʹ͓͚Δৼಈ਺੒෼͕༠͞ىΕ͍ͯΔɽਤ ͚͓ʹͱղੳݧ࣮ʹ2.11

ΔϙΞϯΧϨࣸ૾ਤΛࣔ͢ɽ࣮ݧʹ͓͚ΔՃৼৼಈ਺͸ ω = 4.65Ͱ͋Γɼղੳʹ͓͚

ΔՃৼৼಈ਺͸ ω = 5.30Ͱ͋Δɽ࣮ݧͰ͸Ճৼ੍ޚ૷ஔ͔Βͷൃ৴৴߸ͷ࠷େৼ෯Λ

४ͱͨ͠ɽਤجେৼ෯Λ࠷ͷܗ४ʹҐ૬֯Λܾఆ͓ͯ͠ΓɼղੳͰ͸ՃৼՃ଎౓೾ج

ͷ্ஈͱԼஈ͸Ґ૬֯ΛͦΕͧΕ 0ɼ2π/3ͱͨ݁͠ՌͰ͋Δɽ࣮ݧͱղੳʹ͓͍ͯͲ

ͪΒ΋ൣ޿ғʹࣸ૾఺͕෼૾ͨ͠ࢄΛࣔͨ͠ɽҐ૬ͷมԽʹର͢Δࣸ૾ͷ෼ࢄʹมԽ

͸খ͍͞ɽҎ্ΑΓɼ0Ϟʔυͱ 1bϞʔυͷઢݻܗ༗ৼಈ਺ۙ๣Ͱൃੜͨ͠ඇपظԠ

౴͸࣮ݧͱղੳͰಉ༷ͷಛ௃Λ༗͍ͯ͠Δɽ

ඇपظԠ౴ΛΧΦεৼಈԠ౴ͱ֬ఆ͢ΔͨΊʹɼྻܥ࣌೾ܗΑΓ࠷େϦϟϓϊϑࢦ਺

Λͨ͠ࢉܭɽྻܥ͍࣌ͨ༺ʹࢉܭ೾ܗ͸࠲ඪ (ξ, θ) = (0.92, 0)Ͱऩ࿥ͨ͠ɽਤ 2.12(a)ɼ

(b)ʹ࣮ݧͱղੳʹΑΓಘΒΕͨ࠷େϦϟϓϊϑࢦ਺ͱຒΊࠐΈݩ࣍ͷؔ܎Λࣔ͢ɽਤ

ͷԣ࣠͸ຒΊࠐΈݩ࣍ eͰ͋Γॎ࣠͸࠷େϦϟϓϊϑࢦ਺ λmaxͰ͋Δɽਤ 2.12(a)Ͱ͸

ຒΊࠐΈݩ࣍ e = 10 ∼ 12ఔ౓Ͱ࠷େϦϟϓϊϑࢦ਺ λmax͕ 0.15ఔ౓ʹऩଋ͍ͯ͠Δɽ

Ұํɼਤ 2.12(b)ʹࣔ͢ղੳ݁Ռ͔Β࠷ͨ͠ࢉܭେϦϟϓϊϑࢦ਺ͱຒΊࠐΈݩ࣍ͷؔ

͕ݩ࣍ΈࠐͰ͸ɼຒΊ܎ e = 8ఔ౓Ͱ࠷େϦϟϓϊϑࢦ਺͕ऩଋ͍ͯ͠Δɽऩଋͨ͠ࡍ

ͷ࠷େϦϟϓϊϑࢦ਺͸ ω = 4.60Ͱ͸ɼλmax = 0.15 ∼ 0.2ఔ౓Ͱ͋Γɼω = 5.30, 5.60

Ͱ͸ λmax = 0.3ఔ౓Ͱ͋ΔɽҎ্ΑΓɼ࣮ݧͱղੳʹ͓͍ͯຒΊࠐΈݩ࣍ͷ૿Ճʹର

Ԡ౴͸ΧΦεৼಈԠ౴Ͱظ਺͸ਖ਼஋΁ऩଋͨ͠ɽ͜ΕΑΓɼඇपࢦେϦϟϓϊϑ࠷͠

͋Δͱ֬ఆ͞Εͨɽ
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(a) Experimental results
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Fig 2.10: Time histories and the Fourier spectra: (a)experimental results, (b)analytical results.
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Fig 2.11: Poincaré projection: (a)experimental results(ω = 4.65), (b)analytical results(ω = 5.30).

2.5.4 ओ੒෼෼ੳ

ՃৼՃ଎౓ৼ෯ pd = 5.4ʹ͓͚Δ 0Ϟʔυͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱൃੜͨ͠

ΧΦεৼಈԠ౴ʹओ੒෼෼ੳΛద༻͠ɼΧΦεৼಈԠ౴ʹد༩͢ΔৼಈϞʔυͱͦͷد

༩཰Λௐ΂Δɽ࣮ݧͰ͸ଌఆ఺ (ξ, θ) =ɼ(0.92, 0)ɼ(0.92, π/3)ɼ(0.92, 2π/3)ɼ(0.92, π)ɼ

(0.92, 4π/3)ɼ(0.92, 5π/3)ͷ6఺ʹ͓͍ͯྻܥ࣌೾ܗΛऩ࿥ͨ͠ɽղੳͰ͸൒ܘ ξ = 0.92

ʹ͓͍ͯ֯౓ θ = 0͔Β π/12 rad͝ͱͷ 24఺ʹ͓͚Δྻܥ࣌೾ܗΛओ੒෼෼ੳʹ༻͍

ͨɽ࣮ݧͱղੳͰಘΒΕͨՃৼৼಈ਺ʹର͢Δ֤ৼಈϞʔυͷد༩཰Λਤ 2.13(a)ɼ(b)

ࣔ͢ɽ֤ਤͷԣ࣠͸Ճৼৼಈ਺Ͱ͋Γɼॎ࣠͸֤ৼಈϞʔυʹରԠ͢Δมܗύλʔϯ

ͷد༩཰Ͱ͋Δɽਤ 2.13(a)ͷ࣮͔ݧΒಘΒΕͨྻܥ࣌೾ܗΛ༻͍ͨ෼ੳ݁Ռ͔Βɼ0

Ϟʔυͱ 1bϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱൃੜͨ͠ΧΦεৼಈͰ͸ 1aϞʔυͱ 0Ϟʔυ͕

༗ৼಈ਺ۙ๣ͷݻ༩͍ͯ͠Δɽ1bϞʔυͷدʹஶݦप೾਺ൣғͰ͍޿ ω = 4.83Ͱ͸ɼ

1bϞʔυͷد༩཰ͷ૿Ճ͕֬ೝͰ͖Δɽਤ 2.13(b)ʹࣔ͢ղੳ݁ՌͰ͸ɼ࣮ݧͱಉ༷

ʹ 1aϞʔυͱ 0Ϟʔυ͕͍޿ৼಈ਺ൣғͰͷد͍ߴ༩Λࣔͨ͠ɽҰํɼ࣮ݧͰ͸ݻ༗

ৼಈ਺ۙ๣Ͱد༩ͷ૿ՃΛࣔͨ͠ 1bϞʔυ͕͍޿ৼಈ਺ൣғͰد༩͍ͯ͠Δɽ

ΧΦεৼಈʹ͓͚Δ֤ৼಈϞʔυͷد༩཰ͷؒ࣌มԽΛௐ΂ΔͨΊʹɼओ੒෼෼ੳ

ʹ༻͍Δྻܥ࣌೾ܗΛྖؒ࣌ҬͰ౳෼ׂ͠ɼͦΕͧΕͷྻܥ࣌೾ܗʹରͯ͠෼ੳΛߦ

͏ɽ෼ੳʹ༻͍Δྻܥ࣌೾ܗ͸ɼ࣮ݧͰ͸ 1aϞʔυɼ0ϞʔυʹՃ͑ͯ 1bϞʔυͷد

༩͕େ͖͍Ճৼৼಈ਺ ω = 4.65ͱ͠ɼղੳͰ͸ ω = 5.30ͱ͢Δɽ෼ੳʹ༻͍Δܥ࣌

ྻ೾ܗ͸Ճৼपظ τeͷ 540ഒͱ͠ɼͦͷྻܥ࣌೾ܗΛ 18౳෼͠Ճৼपظͷ 30ഒ͝ͱ

ʹ෼ੳΛͨͬߦɽਤ 2.14(a)ɼ(b)ʹ࣮ݧͱղੳʹ͓͚Δओ੒෼෼ੳ͔ΒಘΒΕͨมܗ
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ύλʔϯΛͦΕͧΕࣔ͢ɽ֤ਤͷԣ࣠͸֯౓ θ [rad]Ͱ͋Γɼॎ࣠͸ݻ༗ϕΫτϧͷେ

͖͞Ͱ͋Δɽ࣮͔ݧΒಘΒΕͨ݁ՌΛࣔ͢ਤ 2.14(a)தͷؙҹ͸ଌఆ఺ʹର͢Δݻ༗ϕ

ΫτϧͰ͋Γɼ࣮ઢ͸ϑʔϦΤڃ਺Λ༻͍ͯ࠷খೋ৐๏ʹΑΓۂࣅۙͨ͠ࢉܭઢͰ͋

Δɽࠇ৭͸෼ੳؒ࣌௕Λ 540τeͱͨ݁͠ՌͰ͋Γɼփ৭͸෼ੳؒ࣌௕Λ 30τeͱͨ݁͠

ՌͰ͋Δɽ෼ੳؒ࣌௕Λ 540τeͱͨ͠৔߹ʹ͸ɼ1൪໨͔Β 5൪໨ͷد༩཰Λࣔ͢มܗ

ύλʔϯ͕ͦΕͧΕ 0ɼ1aɼ1bɼ2bɼ2aϞʔυΛ͍ࣔͯ͠Δɽͳ͓ɼ࣮ݧʹ͓͚Δଌ

ఆ఺ͷ఺਺Ͱ͸มܗύλʔϯΛಛఆͰ͖ͳ͍અ௚ܘΛ 3ຊ༗͢Δมܗύλʔϯ͸লུ

ͯ͋͠Δɽ෼ੳؒ࣌௕Λ୹͘͢Δͱ 1൪໨͔Β 3൪໨ͷد༩཰Λࣔ͢มܗύλʔϯʹ

͓͍ͯɼ௕ؒ࣌෼ੳͱ͸ҟͳΔมܗύλʔϯΛଟ֬͘ೝͰ͖Δɽ1൪໨ͳΒͼʹ 2൪໨

ͷد༩཰Λࣔ͢มܗύλʔϯͰ͸ɼ0ɼ1aͳΒͼʹ 1bϞʔυ͕ଘ͠ࡏɼ3൪໨ͷد༩

཰Λࣔ͢มܗύλʔϯͰ͸ɼओʹ 1aͱ 1bϞʔυ͕ଘ͢ࡏΔɽ0Ϟʔυͷมܗύλʔϯ

͸ඍখͳৼ෯มԽΛࣔ͠ɼ1aɼ1bϞʔυͷมܗύλʔϯ͸पํ޲΁ͷΘ͔ͣͳมಈΛ

ࣔ͢ɽ4൪໨ͱ 5൪໨ͷد༩཰Λࣔ͢୹ؒ࣌ͷ෼ੳ݁ՌͰ͸ɼ௕ؒ࣌ͷ෼ੳ݁ՌͰಘΒ

Εͨมܗύλʔϯͷपํ޲΁ͷෆنଇͳҠಈ͕ൃੜ͍ͯ͠Δɽͭ·Γ 2aͱ 2bϞʔυ

Ͱઅ௚ܘͷपํ޲΁ͷෆنଇͳҠಈ͕ൃੜ͍ͯ͠Δɽ

ਤ 2.14(b)ʹղੳʹΑΓಘΒΕͨྻܥ࣌೾ܗΛ෼ׂͯ͠ओ੒෼෼ੳΛͨͬߦมܗύ

λʔϯΛࣔ͢ɽਤதͰ͸֤ଌఆ఺ʹର͢Δݻ༗ϕΫτϧΛ௚ઢͰͭͳ͍͛ͯΔɽࠇ৭

ͷଠઢͱփ৭ͷࡉઢ͸ͦΕͧΕɼ෼ੳؒ࣌௕Λ 540τeͱ 30τeͱͨ݁͠ՌͰ͋Δɽ1൪໨

͔Β 7൪໨ͷد༩཰Λࣔ͢มܗύλʔϯ͸ͦΕͧΕɼ1aɼ0ɼ1bɼ2aɼ2bɼ3bɼ3aΛ

ࣔ͢ɽ1൪໨͔Β 3൪໨ͷد༩཰Λࣔ͢มܗύλʔϯͰ͸ 0ɼ1aͳΒͼʹ 1bϞʔυ͕

΁ͷΘ͔ͣͳมಈ͕֬ೝͰ͖Δɽ޲ύλʔϯ͸पํܗΔɽ1aɼ1bϞʔυͷม͍ͯ͠ࡏࠞ

4൪໨ͱ 5൪໨ͷد༩཰Λࣔ͢มܗύλʔϯ͸ 2a΋͘͠͸ 2bϞʔυͰ͋Γɼ6൪໨ͱ

7൪໨ͷد༩཰Λࣔ͢ৼಈϞʔυ͸ 3a΋͘͠͸ 3bϞʔυͰ͋Δɽઅ௚ܘΛ 2ຊ༗͢Δ

2aͳΒͼʹ 2bϞʔυͷมܗύλʔϯͰ͸पํ޲΁ͷෆنଇͳมಈ͕ൃੜ͍ͯ͠Δɽઅ

௚ܘΛ 3ຊ༗͢Δ 3aͳΒͼʹ 3bϞʔυͷมܗύλʔϯͰ͸पํ޲΁ͷෆنଇͳҠಈ

͕ൃੜ͍ͯ͠Δɽ

ઌʹࣔͨ͠෼ੳؒ࣌௕Λ୹ͨ͘͠ࡍͷ֤มܗύλʔϯʹରԠ͢Δد༩཰ͷؒ࣌มԽ

Λਤ 2.15(a)ɼ(b)ʹࣔ͢ɽ֤ਤͷԣ࣠͸ՃৼपظΛج४ͱͨ͠पظ਺ τ/τeͰ͋Γɼॎ

ϓϩοτͨ͠ɽਤʹؒ࣌ͷதԝͷִ͍ؒؒ࣌ͨ༺ʹ༩཰Λ෼ੳد༩཰Λࣔ͢ɽ֤دʹ࣠

2.15(a)ʹ࣮ࣔ͢ݧͰಘΒΕͨد༩཰ͷؒ࣌มԽͰ͸ɼ0ɼ1aͳΒͼʹ 1bϞʔυʹରԠ

͢Δมܗύλʔϯͷد༩཰͸ෆنଇʹมಈ͍ͯ͠Δɽ͞Βʹɼد༩཰ͷॱ൪͕ෆنଇ

ʹೖΕସΘΔɽҰํɼ2aϞʔυͱ 2bϞʔυʹରԠ͢Δมܗύλʔϯͷد༩཰ͷ࿨ͱ

3aϞʔυ΋͘͠͸ 3bϞʔυʹରԠ͢Δมܗύλʔϯͷد༩཰ͷؒ࣌มಈ͸খ͍͞ɽਤ

2.15(b)ͷղੳʹ͓͚Δओ੒෼෼ੳͷ݁ՌͰ͸ɼ࣮ݧͰෆنଇͳมಈΛࣔͨ͠ 0ɼ1aͳ
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Fig 2.14: Principal components obtained from principal component analysis: (a) experimental results,

(b) analytical results.
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Fig 2.15: Time histories of contribution ratio: (a) experimental results, (b) analytical results.
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2.6 ݴ݁

֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ͷඇઢܗৼಈʹ͍࣮ͭͯݧͱղੳΛͨͬߦɽ൘ʹԣํ

ɽಘΒͨͬߦՃৼՃ଎౓Λ༩͑ɼൃੜͨ͠୅දతͳΧΦεৼಈʹ͍ͭͯ෼ੳΛظप޲

Εͨ݁Ռ͸ҎԼͷ௨ΓͰ͋Δɽ

1. Λܘઅ௚͍͓ͯʹݧ࣮ 1ɼ2ͳΒͼʹ 3ຊ༗͢ΔৼಈϞʔυʹ͓͍ͯɼઅ௚ܘͷ਺

͕౳͘͠ઢݻܗ༗ৼಈ਺ͷҟͳΔৼಈϞʔυͷൃੜΛ֬ೝͨ͠ɽղੳʹ͓͍ͯɼ࣮

ڥఆݻ༗ৼಈ਺͔ΒݻܗಛੑͳΒͼʹઢྗݩঢ়ɼ෮ܗܗΔࣗॏԼͰͷม͚͓ʹݧ

քʹ͓͚Δ໘಺มҐΛܾఆͨ݁͠Ռɼ࣮ݧͱൺֱత͍ۙৼಈϞʔυΛಘͨɽ

2. ͳ͍ͨ࣋Λܘͱղੳʹ͓͍ͯɼઅ௚ݧ࣮ 0Ϟʔυͱઅ௚ܘΛ 1ຊ༗͢Δ 1bϞʔυ

ͷઢݻܗ༗ৼಈ਺ۙ๣ʹ͓͍ͯɼΧΦεৼಈ͕ൃੜͨ͠ɽओ੒෼෼ੳͷ݁Ռ͔Βɼ

͜ͷྖҬʹ͓͚ΔΧΦεৼಈ͸અ௚ܘΛ 1ຊ༗͢Δ 1aϞʔυͱ 0Ϟʔυ͕ݦஶͳ

༩Λࣔ͢ɽد

3. ओ੒෼෼ੳʹ༻͍ΔͨΘΈͷྻܥ࣌೾ܗΛ౳ִؒʹ෼ׂ͠ɼͦΕͧΕͷ۠ؒʹͭ

͍ͯ෼ੳΛͨͬߦɽ෼ੳؒ࣌௕Λ୹ؒ࣌ͱͨ͠ࡍͷมܗύλʔϯͰ͸ɼ࣮ݧʹ͓

͍ͯ 0ϞʔυͰ͸ৼ෯ͷมಈ͕֬ೝ͞Εɼ1aͳΒͼʹ 1bϞʔυʹରԠ͢Δมܗ

ύλʔϯͰ͸पํ޲΁ͷΘ͔ͣͳมಈ͕֬ೝ͞Εͨɽ2aͳΒͼʹ 2bϞʔυʹର

Ԡ͢ΔมܗύλʔϯͰ͸पํ޲΁ͷҠಈ͕֬ೝ͞Εͨɽղੳʹ͓͍ͯ΋࣮ݧಉ༷

ͷಛ௃͕֬ೝ͞Εͨɽ͞Βʹɼ3aͳΒͼʹ 3bϞʔυʹରԠ͢Δมܗύλʔϯʹ

͓͍ͯઅ௚ܘͷपํ޲΁ͷҠಈΛ֬ೝͨ͠ɽ෼ੳؒ࣌௕Λ୹ؒ࣌ͱͨ͠ࡍͷد༩

཰ͷؒ࣌มԽͰ͸ɼ࣮د͍͓ͯʹݧ༩཰ͷ͍ߴ 0ɼ1aͳΒͼʹ 1bϞʔυʹରԠ͢

ΔมܗύλʔϯͰد༩཰ͷෆنଇͳมԽ͕֬ೝ͞ΕͨɽղੳͰ͸ 0ɼ1aͳΒͼʹ

1bϞʔυʹՃ͑ɼઅ௚ܘΛ 2ຊ༗͢Δ 2aϞʔυͱ 2bϞʔυͷد༩཰ͷ࿨ʹ͍ͭ

ͯ΋ෆنଇͳؒ࣌มԽ͕֬ೝ͞Εͨɽ࣮ݧͱղੳͱ΋ʹɼෳ਺ͷৼಈϞʔυͷد

༩཰͕ෆنଇʹมಈ͠ɼد༩཰ͷॱ൪͕ෆنଇʹೖΕସΘΔ݁ՌΛࣔͨ͠ɽ
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ୈ3ষ ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ͷඇઢܗৼ
ಈ࣮ݧ

3.1 ॹݴ

ୈ 2ষͰ͸ɼ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ʹൃੜ͢ΔΧΦεৼಈԠ౴ʹ͍ͭͯɼ࣮ݧ

ͱղੳ͔ΒৼಈϞʔυͷد༩཰ͱมܗύλʔϯͷؒ࣌มԽΛௐ΂ͨɽബ೑൘ͷඇઢܗ

ৼಈ͸ڥք৚݅ͷӨڹΛහײʹड͚Δɽͦ͜ͰຊষͰ͸ɼୈ 2ষͰ෼ੳΛͨͬߦԁ؀൘

ͷ಺पลͱ֎पลͷڥք৚݅ΛೖΕସ͑ͨ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ʹ͍ͭͯɼඇ

ઢܗৼಈ࣮ݧΛ݁ͨͬߦՌΛࣔ͢ɽ

քͰ໘಺ྗ͕༰қʹൃੜ͢ڥఆ͞Εͨബ೑൘Ͱ͸ɼपғͷԹ౓มԽʹΑΓݻքΛڥ

ΔɽڥքͰͷ໘಺ྗ͸ɼ໘಺มҐͱͯ͠൘ʹ࡞༻͢Δɽ൘͕ബ೑Ͱ͋Δ৔߹ɼ൘ʹ࡞

༻͢Δՙॏʹରͯ͠ൃੜ͢ΔͨΘΈ͸໘಺มҐͱ࿈੒͢Δɽͦͷ݁Ռɼ൘͸ඇઢܗͷ

෮ྗݩಛੑΛࣔ͢ɽ൘͕ԣํ޲पظՃ଎౓Λड͚ΔͱɼඇઢܗৼಈԠ౴͕ڞৼʹ൐͍

ൃੜ͢Δɽ͞Βʹɼಛఆͷৼಈ਺ྖҬʹ͓͍ͯɼඇपظతͳԠ౴Ͱ͋ΔΧΦεৼಈԠ

౴͕Ϟʔυ࿈੒ʹΑΓൃੜ͢ΔՄೳੑ͕͋ΔɽݻఆڥքΛ༗͢Δԁ൘ͷඇઢܗৼಈʹ

ؔ͢Δڀݚ͸ෳ਺ใ͞ࠂΕ͍ͯΔ [1]-[4]ɽڥքͰ໘಺มҐ΍໘಺ྗΛड͚Δԁ൘΍ԁ؀

൘ͷৼಈʹؔ͢ΔڀݚͰ͸ɼRamaiah[5]͸ෳ਺ͷڥք৚݅ʹ͓͚ΔҰ༷ͳ໘಺ѹॖΛ

ड͚Δԁ؀൘ͷ۶࠲ՙॏͱݻ༗ৼಈ਺Λৄࡉʹࣔͨ͠ɽYamakiΒ [6, 7]͸ॳͨظΘΈ

Λ༗͠ɼڥքͰ໘಺มҐΛड͚Δݻఆԁ൘ͷඇઢܗৼಈͷڀݚΛৄͨͬߦʹࡉɽAfarat

Β [8, 9]͸೤ԠྗΛड͚Δԁ؀൘ͷݻ༗ৼಈ਺΍ඇઢܗৼಈͷڀݚΛͨͬߦɽ͔͠͠ɼ

ஶऀͷ஌ΔݶΓ໘಺ѹॖΛड͚Δ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ͷΧΦεৼಈʹ͓͚Δɼ

ৼಈϞʔυͷد༩཰ͱมܗύλʔϯͷؒ࣌มԽʹ஫໨ͨ͠ใࠂ͸ݟ౰ͨΒͳ͍ɽ

ຊ࣮ݧͰ͸ɼ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ʹൃੜ͢ΔΧΦεৼಈͷ෼ੳΛͨͬߦɽ൘

͸ॳظෆ੔Λ༗͠ݻఆڥքͰ໘಺ѹॖྗΛड͚Δɽ·ͣɼ൘ͷجຊಛੑͱͯࣗ͠ॏԼ

Ͱͷมܗܗঢ়ɼઢݻܗ༗ৼಈ਺ͱݻ༗ৼಈϞʔυͳΒͼʹ෮ྗݩಛੑΛଌఆͨ͠ɽ෮

Ճৼظप޲Βಘͨɽ͍ͭͰɼ൘ʹԣํ͔܎ಛੑ͸ूதՙॏʹର͢Δ੩ͨΘΈͷؔྗݩ

Ճ଎౓Λ༩͑ͨɽ࠷௿ݻ࣍༗ৼಈ਺ۙ๣ͰՃৼৼಈ਺Λ૟Ҿ͠ɼඇઢܗͷप೾਺Ԡ౴

࣌Ԡ౴ͷൃੜΛ֬ೝͨ͠͠ɽ൘ͷಈతԠ౴ͷظઢΛಘͨɽಛఆͷৼಈ਺ྖҬͰඇपۂ

Ԡ౴ͷ෼ੳʹ͸ɼप೾਺෼ੳɼϙΞϯΧϨࣸ૾ظଌͨ͠ɽඇपܭ࣌Λଟ఺ಉܗ೾ྻܥ

ਤɼ࠷େϦϟϓϊϑࢦ਺ͳΒͼʹओ੒෼෼ੳΛ༻͍ͨɽ͞ΒʹɼΧΦεৼಈʹد༩͢
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ΔৼಈϞʔυͱͦͷد༩཰ͷؒ࣌มԽΛௐ΂ΔͨΊɼओ੒෼෼ੳʹ༻͍ΔͨΘΈͷ࣌

ɽͨͬߦΛ౳ִؒʹ෼ׂ͠ɼͦΕͧΕͷ۠ؒʹ͓͍ͯ෼ੳΛܗ೾ྻܥ

3.2 ֎पݻఆͱ಺पࣗ༝ͷԁ؀൘

֎पݻఆͱ಺पࣗ༝ͷԁ؀൘Λਤ 3.1ʹࣔ͢ɽԁ؀൘ͷ֎पล͸ݻఆ࿮ʹΑΓڬ·

Ε͍ͯΔɽ൘தԝʹԁ޸Λ༗͓ͯ͠Γɼ಺पʹ͸ࣗ༝ลΛ༗͢Δɽ൘ͷੇ๏͸಺൒ܘ

r1 = 16.9mmɼ֎൒ܘ r2 = 70.0mmɼ൘ްh = 0.30mmͰ͋Δɽ֎൒ܘ r2ʹର͢Δ಺൒

ܘ r1ͷׂ߹͸ 0.24Ͱ͋Δɽ൘͸Ξϧϛ੡Ͱ͋Γɼͦͷ෺ੑ஋͸Ϡϯά཰E = 67.7GPaɼ

ີ౓ ρ = 2.66 × 103kg/m3ɼϙΞιϯൺ ν = 0.33ͱ͢Δɽ൘ʹԁப࠲ඪܥΛಋೖ͢Δɽ

൒޲ํܘʹ r࣠ɼपํ޲ʹ θ࣠ɼr − θ໘ͱਨ௚ํ޲ʹ z࣠ΛͱΔɽ֯౓ θ͸ހ౓๏ʹ

ΑΓද͢هΔɽ

Fig 3.1: Annular plate with outer-clamped and inner-free edge.

֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ΛҎԼͷखॱʹΑΓಘͨɽ·ͣɼΞϧϛ൘͔Βதԝʹ

ԁ޸Λ༗͢Δԁ؀൘Λ੾Γग़ͨ͠ɽԁ؀൘ͷ֎൒ܘ͸ 100mmͰ͋Γɼԁ޸ͷ൒ܘ͸

19.6mmͰ͋ΔɽΞϧϛ൘͔Βͷ੾Γग़͠ʹΑΓɼԁ؀൘͸ॳظෆ੔Λ༗͢Δɽ͍ͭͰɼ

Ұରͷݻఆ࿮ΛδϡϥϧϛϯΛ༻͍ͯ࡞੡ͨ͠ɽݻఆ࿮ͷ֎൒ܘ͸ 100mmɼ಺൒ܘ͸

70mmͰ͋Γɼͦͷ൘ް͸ 15mmͰ͋Δɽޙ࠷ʹɼԁ؀൘Λݻఆ࿮ͰڬΈࠐΈϘϧτ

Ͱݻఆͨ͠ɽ͜ΕΑΓɼ֎पݻఆͱ಺पࣗ༝ͷڥք৚݅͸ಘΒΕΔɽ൘Λݻఆ͢Δࡍɼ

ණΛ༻͍ͯ൘ͷԹ౓Λ࣮ݧʹ͓͚ΔԹ౓ΑΓ௿͘อͬͨɽ͜ͷૢ࡞ʹΑΓɼ࣮ݧதʹ

൘͸ࣗ਎ͷ೤๲ுʹΑΓɼ໘಺ѹॖԠྗΛड͚Δɽ൘͸ͨΘΈͷଌఆਫ਼౓Λ্ঢͤ͞

ΔͨΊɼද໘ΛΞΫϦϧృ૷ʹΑΓന৭ͱ͢Δɽృ૷ޙͷ൘ް͸ h′ = 0.38mmͰ͋Δɽ

Ҏ্ͷ૊ΈཱͯʹΑΓ൘͸ॏྗԼͰॳظมܗΛ༗͍ͯ͠Δɽॳظมܗͷେ͖͞͸൘

ͱݻఆ࿮ͷԹ౓ͷมԽʹΑΓӨڹΛड͚Δɽ࣮ݧʹ͓͚ΔԹ౓৚݅ʹ͍ͭͯ͸ 3.3.2߲

Ͱઆ໌͢Δɽ
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3.3 ཁྖݧ࣮

༗ৼಈϞʔݻ༗ৼಈ਺ͱݻܗঢ়ɼઢܗܗมظຊಛੑͱͯ͠ॳجͰ͸ɼ·ͣ൘ͷݧ࣮

υͳΒͼʹ෮ྗݩಛੑͱͯ͠ूதՙॏʹର͢Δ੩ͨΘΈΛଌఆͨ͠ɽ͍ͭͰɼ൘ʹԣ

ઢΛऩ࿥ͨ͠ɽۂՃৼՃ଎౓Λ༩͑ɼҰఆͷՃৼՃ଎౓ৼ෯ͷ΋ͱप೾਺Ԡ౴ظप޲ํ

ಛ௃తͳಈతԠ౴Λࣔͨ͠ৼಈ਺ྖҬʹ͓͍ͯྻܥ࣌೾ܗΛऩ࿥͠ɼ෼ੳΛͨͬߦɽ෼

ੳʹ͸प೾਺෼ੳɼϙΞϯΧϨࣸ૾ਤɼ࠷େϦϟϓϊϑࢦ਺ͳΒͼʹओ੒෼෼ੳΛ༻

͍ͨɽຊ࣮ݧͰ͸ຒΊࠐΈݩ࣍ͷ૿Ճʹର͢Δ࠷େϦϟϓϊϑࢦ਺ͷ͖܏ͷݮগ͔Βɼ

ΧΦεৼಈΛ֬ఆͨ͠ɽओ੒෼෼ੳʹ༻͍Δྻܥ࣌೾ܗͷؒ࣌௕Λ௕ؒ࣌ͱͨ݁͠Ռ

ͱɼ௕ؒ࣌ͷྻܥ࣌೾ܗΛ౳ִؒʹ෼ׂ͠ɼͦΕͧΕͷ۠ؒʹ͍ͭͯ෼ੳΛ݁ͨͬߦ

ՌΛൺֱ͢Δɽ

3.3.1 ແྔ࣍ͷಋೖ

Λಋೖ͢Δɽྔݩ࣍ՌΛ੔ཧ͢Δ্ͰɼҎԼͷແ݁ݧ࣮

ξ = r/r2 (3.1a)

[w0, ws, w] = [W0,Ws,W ]/h (3.1b)

[ps, pd] = [g, ad]ρr2
4/D (3.1c)

qs = Qsr2
2/Dh, (3.1d)

[ωex,ωi] = [fex, fi](2π/Ω0), (3.1e)

τ = Ω0t. (3.1f)

ͨͩ͠ɼ֯ৼಈ਺ʹؔ͢Δఆ਺Ω0 = (1/r22)
√

D/(ρh)Λಋೖͨ͠ɽ͜͜ͰɼD͸ۂ

͛߶ੑͰ͋ΓD = Eh3/[12(1 − ν2)]Ͱࣔ͞ΕΔɽξ͸൒࠲޲ํܘඪ rͷແྔݩ࣍Ͱ͋

Δɽw0ɼwsͳΒͼʹ w͸ͦΕͧΕɼॳظมܗW0ɼूதՙॏʹΑΓ੩తมܗWsͳΒ

ͼʹಈతԠ౴W ͷແྔݩ࣍Ͱ͋Δɽpsͱ pd͸ͦΕͧΕॏྗՃ଎౓ gͱपظՃৼՃ଎

౓ৼ෯ adͷແྔݩ࣍Ͱ͋ΔɽूதՙॏQsͷແྔݩ࣍Λ qsͰࣔ͢ɽωexͱ ωi͸ͦΕͧ

ΕɼՃৼৼಈ਺ fexͱݻ༗ৼಈ਺ fiͷແྔݩ࣍Ͱ͋Δɽτ ͸ແؒ࣌ݩ࣍Ͱ͋Δɽ

3.3.2 Թ౓؅ཧ

൘ͷجຊಛੑ΍ಈతԠ౴͸ݻఆ࿮ͱ൘ͷԹ౓ʹӨڹΛड͚ΔɽԹ౓มԽʹΑΔجຊ

ಛੑ΍ಈతԠ౴ͷมԽΛආ͚ΔͨΊɼݻఆ࿮ͱ൘ۙ๣ͷԹ౓Λ؅ཧͨ͠ɽݻఆϑϨʔ

ϜͷԹ౓Λ Tfɼ൘ۙ๣ͷԹ౓Λ Trͱ͢Δɽ
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Ͱғ·Εۭͨؒ಺ʹઃஔ͢Δɽۭؒ಺ͷԹ౓͸ΤΞʔίϯσΟγϣࡐ૷ஔΛ؇িݧ࣮

φʔͱిࣜؾώʔλʔʹΑΓ੍͢ޚΔɽ͜ΕΑΓɼݧࢼยۙ๣ͷԹ౓Λ҆ఆͤ͞ΔɽՃ

ৼதͷݻఆϑϨʔϜ͸ɼՃৼ୆Λ௨ͯ͠ి࣓ࣜՃৼ͔ثΒൃੜ͢Δ೤ʹΑΓԹΊΒΕ

Δɽ೤ͷ఻ಋΛආ͚ΔͨΊݻఆϑϨʔϜͱՃৼ୆ͷؒʹྫྷ٫൘Λૠೖͨ͠ɽྫྷ٫൘ʹ

͸ਫΛྲྀͨ͢Ίͷ͕݀͋Γɼ݀ʹྲྀ͢ਫԹΛมԽͤ͞ɼݻఆϑϨʔϜͷԹ౓Λ҆ఆ͞

ͤΔɽ

3.4 ݁Ռ͓Αͼ࡯ߟ

3.4.1 ൘ͷجຊಛੑ

൘ͷॳظมܗ͸ɼݧࢼยͷ੾Γग़͠ʹΑΔॳظෆ੔ɼݧࢼยΛݻఆ͢Δࡍͷྫྷ٫ʹΑ

Δॳظ໘಺ԠྗͳΒͼʹࣗॏͷӨڹʹΑΓੜ͡Δɽ൘ͷॳظมܗܗঢ়ͱมྔܗͷ౳ߴઢ

Λਤ 3.2ͷ্Լʹࣔ͢ɽ൘ۙ๣ͷԹ౓ TrͱݻఆϑϨʔϜͷԹ౓ Tf Λ Tr = Tf = 20.5◦C

ͱͨ͠ɽ൘ͷॳظมܗ͸ (ξ, θ)= (0.32, 0)Ͱ൘ްͷ 1.2ഒΛࣔ͠ɼݻఆ୺ʹ͍͔޲খ͞

͘ͳΔɽ൘ͷมܗܗঢ়͸ඇରশͰ͋Δɽ͜ͷඇରশͳมܗܗঢ়͸ઢݻܗ༗ৼಈ਺ͱݻ

༗ৼಈϞʔυʹӨڹΛ༩͑Δɽ

Fig 3.2: The configuration of the plate under gravity.

ද 3.1ʹԹ౓Λ Tr = Tf = 20.5◦Cͱͨ͠ࡍͷɼઅ௚ܘͷ਺ʹରԠͨ࣍͠਺ iɼݻ༗ৼ
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ಈϞʔυɼແݩ࣍ͱ༗ݩ࣍ͷઢݻܗ༗ৼಈ਺Λࣔ͢ɽৼಈϞʔυͷਤதʹ͓͚Δഁઢ

͸અ௚ܘΛҙຯ͢Δɽ࠷௿࣍ৼಈϞʔυ͸અ௚ܘΛͨ࣋ͳ͍ରশϞʔυΛࣔͨ͠ɽೋ

ΛҰຊ༗͢ΔৼಈϞʔυͰ͋ΓɼͦΕͧΕͷܘϞʔυ͸ͦΕͧΕઅ௚࣍ࡾϞʔυͱ࣍

અ௚ܘ͸पํ޲ʹ π/2 radͣΕ͍ͯΔɽ͞Βʹɼઢݻܗ༗ৼಈ਺͸ҟͳΔɽ͜Ε͸ɼઌ

ʹࣔͨ͠ඇରশͳॳظมܗܗঢ়ͷӨڹͰ͋Δɽೋͭͷݻ༗ৼಈϞʔυΛ۠ผ͢ΔͨΊ

ʹͦΕͧΕ 1aϞʔυͱ 1bϞʔυͱ͢Δɽݻ༗ৼಈ਺ൺʹ஫໨͢Δͱɼ0Ϟʔυͱ 1a

Ϟʔυͷݻ༗ৼಈ਺ൺ͸໿ 1 : 2ͱͳΔɽ͜ͷ͜ͱ͔Βɼ0Ϟʔυͱ 1aϞʔυͰ಺෦ڞ

ৼͷ৚͕݅΄΅ຬ଍͞ΕΔɽ

Table 3.1: Natural frequencies and natural modes of vibration.

ਤ 3.3ʹ൘ͷ෮ྗݩಛੑΛࣔ͢ɽूதՙॏΛ qsΛ (ξ, θ)= (0.47, ͷɼࡍͨͤ͞༺࡞ʹ(0

੩ͨΘΈwsΛଌఆͨ͠ɽ੩ͨΘΈ͸ࣗॏʹΑΔ੩తฏߧҐஔΛج४ͱ͢Δɽ੩ͨΘΈ

ͷଌఆ఺͸ (ξ, θ) =(0.62, 0), (0.62, π/2), (0.62, π) ͳΒͼʹ (0.62, 3π/2)ͷ 4఺ͱ͢Δɽ

෮ྗݩಛੑͷଌఆதͷ൘ۙ๣ͷԹ౓ͱݻఆ࿮ͷԹ౓͸ͦΕͧΕ Tr = 20.3 ± 0.1◦Cͱ

Tf = 20.4± 0.2◦CͰ͋ΔɽूதՙॏΛෛํ޲ʹ૿Ճͤ͞ΔͱɼॳظมܗͷӨڹʹΑΓ

෮ྗݩಛੑͷޯ഑͸খ͘͞ͳΔɽ͜Ε͸ɼ઴ೈܕͷ෮ྗݩಛੑʹରԠ͢Δɽ͞Βʹू

தՙॏΛ૿Ճͤ͞Δͱ෮ྗݩಛੑͷޯ഑͸େ͖͘ͳΓɼ઴ܕߗͷ෮ྗݩಛੑΛࣔ͢ɽ͜

ͷ݁Ռ͔Β൘͸઴ೈ-઴ܕߗͷ෮ྗݩಛੑΛ༗͢Δɽ

ॳظมܗܗঢ়ͱઢݻܗ༗ৼಈ਺͸ͦΕͧΕɼԹ౓TrͱTfͷมԽʹӨڹΛड͚ΔɽҰ

ྫͱͯ͠ɼԹ౓Λ Tr = Tf = 21.0◦C͔Β Tr = 20.0◦Cͱ Tf = 21.0◦CʹมԽͤͨ͞৔

߹ɼ࠲ඪ (ξ, θ) =(0.47, 0)Ͱͷॳظมܗ͸൘ްͷ 5ύʔηϯτݮগ͠ɼແݩ࣍ͷ࠷௿࣍

༗ৼಈ਺͸ݻ 0.55্ঢ͢Δɽ͜ΕΒͷมԽ͕ಈతԠ౴ͷৼ෯ʹӨڹΛٴ΅͢ɽ

3.4.2 प೾਺Ԡ౴ۂઢ

ՃৼՃ଎౓ৼ෯ pd = 4.4ͷ΋ͱɼप೾਺Ԡ౴ۂઢΛऩ࿥ͨ͠ɽՃৼৼಈ਺ͷ૟Ҿ͸ 0

Ϟʔυͷݻ༗ৼಈ਺ۙ๣Ͱ͋Δ ωex = 6.2͔Β 10.5ͱͨ͠ɽप೾਺Λ૟Ҿத͸Թ౓ Tr
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Fig 3.3: Characteristics of restoring force of the plate: ◦ measured at ξ = 0.62, θ = 0, ! measured at

ξ = 0.62, θ = π/2, △ measured at ξ = 0.62, θ = π, ▽ measured at ξ = 0.62, θ = 3π/2.

ͳΒͼʹ Tf ΛͦΕͧΕ Tr = 20.5 ± 0.5◦Cͱ Tf = 20.9 ± 0.1◦Cͷൣғͱͨ͠ɽਤ 3.4

ʹप೾਺Ԡ౴ۂઢΛࣔ͢ɽଌఆ఺͸ (ξ, θ) =(0.47, 0)Ͱ͋Δɽॎ࣠͸ಈతԠ౴ͷແݩ࣍

ৼ෯ͷ࣮ޮ஋Ͱ͋Γɼԣ࣠͸ແݩ࣍Ճৼৼಈ਺Ͱ͋Δɽ0Ϟʔυͷઢݻܗ༗ৼಈ਺Λ

ԣ্࣠ʹՃ͍͑ͯΔɽԠ౴ۂઢ͸ 0Ϟʔυͷେৼ෯ڞৼԠ౴Λ͓ࣔͯ͠ΓɼͦͷԠ౴

͸઴ܕߗͷ෮ྗݩಛੑʹରԠ͢ΔɽՃৼৼಈ਺͕ 1bϞʔυͷݻ༗ৼಈ਺ͷ൒෼ʹ͍ۙ

ωex = 9.6ʢਤதCʣۙ๣ͰՃৼ͞ΕͨࡍɼඇपظԠ౴͕֬ೝ͞Εͨɽ͜ͷԠ౴͸แབྷ

ઢͷඇपظతͳมௐΛ༗͢Δɽͷͪʹࣔ͢෼ੳʹΑΓ͜ͷඇपظৼಈԠ౴͸ΧΦεৼ

ಈͰ͋Δͱ֬ೝ͞Εͨɽ

प೾਺Ԡ౴ۂઢͷऩ࿥ʹ͓͍ͯɼՃৼৼಈ਺Λ্ঢͤͨ͞৔߹ͱԼ߱ͤͨ͞৔߹ͰԠ

౴ৼ෯ʹࠩҟ͕ੜ͍ͯ͡ΔɽԠ౴ৼ෯͕wrms = 0.61ͷͱ͖ɼԠ౴ۂઢͷৼಈ਺ͷࠩ͸

0.37Ͱ͋Δɽ͜ͷࠩ͸ओʹ 3.4.1߲Ͱࣔͨ͠ݧࢼยۙ๣ͷԹ౓ Trͱݻఆ૷ஔͷԹ౓ Tf

ͷมಈʹΑΓੜ͡ΔɽԹ౓ Trͱ Tf ͷมԽ͸ඇৗʹ஗͍ɽ͔͠͠ɼप೾਺Ԡ౴ۂઢͷऩ

࿥ʹ͸௕͔͔ؒ࣌ΔͨΊɼԹ౓มԽʹΑΔཤྺ͕Ԡ౴ۂઢ্ʹੜ͡ΔɽҰํɼಈతԠ

౴ͷྻܥ࣌೾ܗͷऩ࿥͸Թ౓มԽͷ଎͞ʹൺ΂୹͘ɼԹ౓ͷมԽʹΑΔӨڹ͸খ͍͞ɽ

3.4.3 ɼप೾਺෼ੳ݁ՌɼϙΞϯΧϨࣸ૾ਤܗ೾ྻܥ࣌

ՃৼՃ଎౓ৼ෯ pd = 4.4ͷ΋ͱɼಈతԠ౴ͷྻܥ࣌೾ܗɼप೾਺෼ੳ݁ՌͳΒͼ

ʹϙΞϯΧϨࣸ૾ਤΛಘͨɽՃৼप೾਺͸ ωex = 9.59Ͱ͋ΓɼಈతԠ౴ͷऩ࿥఺͸

(ξ, θ) =(0.47, 0)Ͱ͋Δɽਤ 3.5(a)͸ಈతԠ౴ͷྻܥ࣌೾ܗͰ͋Δɽਤͷԣ࣠͸Ճৼप

ͷแܗ೾ྻܥ࣌ΘΈͰ͋ΔɽਤΑΓɼͨݩ࣍਺Ͱ͋Γɼॎ࣠͸ແظ४ͱͨ͠पجΛظ

བྷઢ͕ෆنଇʹมԽ͍ͯ͠Δɽ

ਤ 3.5(b)͸प೾਺෼ੳ݁ՌͰ͋Δɽԣ࣠͸प೾਺Ͱ͋Γɼॎ࣠͸ৼ෯Λσγϕϧ஋

74



Fig 3.4: Frequency response curve of the plate (pd = 4.4, measured at ξ = 0.47, θ = 0).

Ͱ͍ࣔͯ͠Δɽ޿ଳҬͷৼಈ੒෼ͷྭ͕֬ىೝͰ͖Δɽݦஶͳৼಈ੒෼͸Ճৼৼಈ਺

ͱՃৼৼಈ਺ͷ 2ഒʹ֬ೝͰ͖ɼͦͷۙ๣ʹ 0ɼ1aͳΒͼʹ 1bϞʔυ͕ଘ͢ࡏΔɽ

ϙΞϯΧϨࣸ૾ਤΛਤ 3.5(c)ʹࣔ͢ɽਤͷԣ࣠͸ͨΘΈͰ͋Γɼॎ࣠͸଎౓Λࣔ͢ɽ

Ґ૬֯ π/3ʹ͓͍ͯऩ࿥ͨ͠ɼͨΘΈͱ଎౓Λϓϩοτ͢Δɽࣸ૾఺͸ൣ޿ғʹ෼ࢄ

͍ͯ͠Δɽจݙ [10]Ͱࣔ͞Εͨ಺෦ڞৼ͔Βੜͨ͡ΧΦεৼಈͷϙΞϯΧϨࣸ૾ਤͱ

ൺֱ͢Δͱɼಉ༷ͷಛ௃Λ༗͍ͯ͠Δɽ

Ҏ্ͷಛ௃͸ɼ͜ͷඇपظԠ౴͕ 1:2ͷ಺෦ڞৼ͔Βੜͨ͡ΧΦεৼಈͰ͋Δͱࣔ͠

͍ͯΔɽ3.4.6߲ͷओ੒෼෼ੳͷ݁Ռ͔Βɼ͜ͷԠ౴͸ 0ͱ 1aϞʔυͷ࿈੒ͨ͠಺෦ڞ

ৼ͔Βੜͨ͡ΧΦεৼಈͰ͋Δɽ

Fig 3.5: Chaotic response of the plate (ωex = 9.59, pd = 4.4, measured at ξ = 0.47, θ = 0): (a) time

history; (b) Fourier spectrum; (c) Poincaré projection.
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3.4.4 ୹ִؒؒ࣌ͷप೾਺෼ੳ݁Ռ

ΧΦεৼಈԠ౴͸ৼ෯ͷมௐΛ༗͍ͯ͠Δɽৼ෯มௐʹؔ࿈͢Δप೾਺੒෼Λௐ΂Δ

ͨΊɼྻܥ࣌೾ܗΛ୹ִؒؒ࣌ʹ෼ׂ͠प೾਺෼ੳΛͨͬߦɽՃৼՃ଎౓ৼ෯ pd = 4.4

ʹ͓͍ͯɼ࠲ඪ (ξ, θ) =(0.47, 0)ͰಈతԠ౴ͷྻܥ࣌೾ܗΛऩ࿥ͨ͠ɽՃৼৼಈ਺͸

ωex = 9.59ͱ͢Δɽਤ 3.6(a)ʹಈతԠ౴ͷྻܥ࣌೾ܗΛࣔ͢ɽ͞Βʹɼਤ 3.6(a)ͷܥ࣌

ྻ೾ܗΛ 18.5τe͝ͱʹ෼ׂ͠ɼͦΕͧΕͷ۠ؒʹ͓͍ͯಈతԠ౴ͷ࣮ޮ஋Λͨ͠ࢉܭ

݁ՌΛਤ 3.6(b)ʹࣔ͢ɽਤ 3.6(b)ΑΓɼৼ෯ͷෆنଇͳมௐΛ֬ೝͰ͖Δɽ୹ؒ࣌ʹ

෼ׂͨ͠ಈతԠ౴ͷྻܥ࣌೾ܗΛ༻͍ͯप೾਺෼ੳΛͨͬߦɽൺֱతখ͍͞ৼ෯Λࣔ

ִؒؒ࣌͢ τ/τe = 2148.5͔Β 2167.0ͷྻܥ࣌೾ܗΛ༻͍ͨप೾਺෼ੳ݁ՌΛਤ 3.7(a)

ʹࣔ͢ɽݦஶͳप೾਺੒෼ͱͯ͠Ճৼৼಈ਺ͱՃৼৼಈ਺ͷ 2ഒʹ֬ೝͰ͖Δɽ͞Βʹ

1aϞʔυۙ๣·Ͱप೾਺੒෼͕෼෍͍ͯ͠Δɽਤ 3.7(b)ʹɼେ͖͍Ԡ౴ৼ෯Λࣔ࣌͢

ִؒؒ τ/τe = 2222.6͔Β 2241.1ͷप೾਺෼ੳ݁ՌΛࣔ͢ɽݦஶͳप೾਺੒෼͸ɼൺ

ֱతখ͍͞ৼ෯Λִࣔؒؒ࣌͢ͱಉ༷ʹɼՃৼৼಈ਺ͱՃৼৼಈ਺ͷ 2ഒͰ͋Δɽ͠

͔͠ɼ1aϞʔυͷݻ༗ৼಈ਺ۙ͘ͷप೾਺੒෼ͷ෼෍͸ݟΒΕͳ͍ɽ͜ΕΑΓɼԠ౴

ৼ෯ͷมௐʹ͸ 1aϞʔυ͕ؔ࿈͍ͯ͠Δɽ

Fig 3.6: The time history of the deflection and the amplitude in short time intervals (ωex = 9.59,

pd = 4.4, measured at ξ = 0.47, θ = 0): (a) time history of the dynamic deflection; (b) time history

of the amplitude.

3.4.5 ਺ࢦେϦϟϓϊϑ࠷

ඇपظԠ౴͕ΧΦεৼಈͰ͋Δͱ֬ఆ͢ΔͨΊʹɼຒΊࠐΈݩ࣍ʹର͢Δ࠷େϦϟϓ

ϊϑࢦ਺Λͨ͠ࢉܭɽྻܥ͍࣌ͨ༺ʹࢉܭ೾ܗ͸ՃৼՃ଎౓ৼ෯ pd = 4.4ͷ΋ͱՃৼ
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Fig 3.7: The Fourier spectra in short time intervals (ωex = 9.59, pd = 4.4, measured at ξ = 0.47,

θ = 0): (a) τ/τe = 2148.5 to 2167.0; (b) τ/τe = 2222.6 to 2241.1.

ৼಈ਺ ωex = 9.59Ͱऩ࿥ͨ͠ɽྻܥ࣌೾ܗΛऩ࿥ͨ͠࠲ඪ͸ (ξ, θ) =(0.47, 0)Ͱ͋Δɽ

ਤ 3.8ʹຒΊࠐΈݩ࣍ʹର͢Δ࠷େϦϟϓϊϑࢦ਺Λࣔ͢ɽຒΊࠐΈ͕ݩ࣍ e = 7͔Β

10ʹ૿Ճ͢ΔͱɼຒΊࠐΈݩ࣍ʹର͢Δ࠷େϦϟϓϊϑࢦ਺ͷޯ഑͸ݮগ͠ɼ࠷େϦϟ

ϓϊϑࢦ਺͸ λmax =0.3͔Β 0.4ఔ౓ͱͳΔɽޯ഑͕มԽͨ͠ࡍͷ࠷େϦϟϓϊϑࢦ਺

͕ਖ਼஋Ͱ͋ΔͨΊɼΧΦεঢ়Ԡ౴͕ΧΦεͰ͋Δͱ֬ఆ͞Εͨɽ͞Βʹɼ࠷େϦϟϓ

ϊϑࢦ਺ͷޯ഑͕ຒΊࠐΈݩ࣍ e = 7͔Β 10ͰมԽͨ͠ɼΧΦεৼಈʹد༩͢Δৼಈ

Ϟʔυͷ਺͸ 4͔Β 5Ͱ͋Δͱ෼͔Δɽ

Fig 3.8: The maximum Lyapunov exponents related to embedding dimension (ωex = 9.59, pd = 4.4,

measured at ξ = 0.47, θ = 0).

3.4.6 ΧΦεৼಈʹد༩͢ΔৼಈϞʔυ

ଟ఺ಉܭ࣌ଌͨ͠ΧΦεৼಈͷྻܥ࣌೾ܗʹओ੒෼෼ੳΛద༻͠ɼΧΦεৼಈʹد

༩͢ΔৼಈϞʔυͱͦͷد༩཰ΛಘΔɽྻܥ࣌೾ܗΛऩ࿥ͨ͠࠲ඪ͸ (ξ, θ) =(0.47, 0)ɼ

(0.47, π/2)ɼ(0.47, π)ͳΒͼʹ (0.47, 3π/2)ͷ 4఺Ͱ͋Δɽྻܥ࣌೾ܗͷऩ࿥͸ՃৼՃ
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଎౓ৼ෯ pd = 4.4ɼՃৼৼಈ਺ ωex = 9.59ͱͨ͠ɽྻܥ࣌೾ܗͷऩ࿥ؒ࣌௕͸Ճৼप

ͷؒ࣌ରͯ͠௕ʹظ 2500τeͱ͢Δɽ

ਤ 3.9͸ΧΦεৼಈʹد༩͢Δมܗύλʔϯͷد༩཰Λࣔ͢ɽਤͷԣ࣠͸د༩཰ͷॱ

൪ iͰ͋Γɼॎ࣠͸د༩཰µiͰ͋Δɽਤதʹɼ֤د༩཰Λࣔ͢มܗύλʔϯʹରԠ͢Δ

ৼಈϞʔυͷ֓ܗΛࣔ͢ɽ0ϞʔυʹରԠ͢ΔୈҰओ੒෼͸ 61.6%ͷݦஶͳد༩Λࣔ͠

ͨɽ1aϞʔυͱ 1bϞʔυʹରԠ͢Δୈೋɼୈࡾओ੒෼͸ͦΕͧΕɼ24.0%ͱ 13.9%ͷ

༩཰͸دओ੒෼ͷ࢛༩཰Λࣔ͢ɽ2ϞʔυʹରԠ͢Δୈد 0.5%ͱখ͍͞ɽ͜ΕΑΓɼΧ

ΦεৼಈԠ౴ʹ͸ 0Ϟʔυɼ1aϞʔυͳΒͼʹ 1bϞʔυ͕ओʹد༩͍ͯ͠Δɽ

Fig 3.9: Contribution ratio corresponding to principal components (ωex = 9.59, pd = 4.4).

ΧΦεৼಈʹ͓͚ΔৼಈϞʔυͷؒ࣌มԽΛ໌Β͔ʹ͢ΔͨΊʹɼઌͷओ੒෼෼ੳ

ʹ༻͍ͨ௕ؒ࣌ͷྻܥ࣌೾ܗΛ୹ִؒؒ࣌ʹ෼ׂ͠ɼͦΕͧΕͷ۠ؒʹ͓͍ͯओ੒෼

෼ੳΛͨͬߦɽ୹ִؒؒ࣌͸ 50τeͱ͢Δɽ

ਤ 3.10ʹ୹ִؒؒ࣌ʹ͓͚ΔಈతԠ౴ͷৼ෯ͷ࣮ޮ஋Λࣔ͢ɽਤ 3.10ͷ (a)ɼ(b)ɼ

(c)ͳΒͼʹ (d)͸ͦΕͧΕɼଌఆ఺ (ξ, θ) =(0.47, 0)ɼ(0.47, π/2)ɼ(0.47, π)ͳΒͼʹ

(0.47, 3π/2)ͷಈతԠ౴ʹରԠ͢Δɽਤ 3.10͔Β֤ଌఆ఺ͱ΋Ԡ౴ৼ෯͕ෆنଇʹมಈ

͍ͯ͠Δɽͨͩ͠ɼ4ͭͷଌఆ఺Ͱৼ෯ͷมಈͷେ͖͞ʹࠩҟ͕ΈΒΕΔɽ࠲ඪ (0.47, 0)

ͱ (0.47, π)ʹ͓͚Δมಈ͸େ͖͍͕ɼ ඪ࠲ (0.47, π/2)ͱ (0.47, 3π/2)Ͱ͸খ͍͞ɽ࠲

ඪ (0.47, 0)ͱ (0.47, π)͸ɼৼ෯มௐʹؔ͢܎Δ 1aϞʔυͷઅ௚ۙܘ๣ʹҐஔ͢Δɽ࠲

ඪ (0.47, 0)ͱ (0.47, π)ʹ͓͚Δৼ෯ͷେ͖͍มಈ͸ɼ࣍ʹࣔ͢୹ִؒؒ࣌ͷ 0Ϟʔυ

ͷد༩཰ͷมԽʹؔ࿈͢Δɽ

ਤ 3.11͸د༩཰ͷॱ൪͝ͱͷมܗύλʔϯΛࣔ͢ɽਤதʹ͓͍֤ͯଌఆ఺ʹ͓͚Δ

ΑΓಘΒʹࣅখࣗ৐ۙ࠷͍ͯ༺਺Λڃ༗ϕΫτϧΛؙҹͰࣔͨ͠ɽ࣮ઢ͸ϑʔϦΤݻ

ΕͨۙۂࣅઢΛࣔ͢ɽࠇ৭ͷଠઢͱփ৭ͷࡉઢ͸ͦΕͧΕ௕ִؒؒ࣌ͱ୹ִؒؒ࣌ͷ
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Fig 3.10: Time histories of the amplitude (ωex = 9.59, pd = 4.4): (a) measured at ξ = 0.47, θ = 0;

(b) measured at ξ = 0.47, θ = π/2; (c) measured at ξ = 0.47, θ = π; (d) measured at ξ = 0.47,

θ = 3π/2.
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Fig 3.11: Modal pattern obtained by principal component analysis (ωex = 9.59, pd = 4.4): (a) µ1; (b)

µ2; (c) µ3; (d) µ4.
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ओ੒෼෼ੳʹΑΓಘΒΕมܗύλʔϯʹରԠ͢Δɽ௕ִؒؒ࣌ͷؒ࣌೾ܗΛ༻͍ͨ෼

ੳ݁Ռ͔Βɼਤ 3.11 (a) ͔Β (d) ʹ͓͚Δมܗύλʔϯ͸ͦΕͧΕ 0ɼ1aɼ1bͳΒͼ

ʹ 2ϞʔυʹରԠ͢Δɽ୹ִؒؒ࣌ͷมܗύλʔϯ͸ɼ௕ִؒؒ࣌ͷ෼ੳ͔ΒಘΒΕ

ͨมܗύλʔϯͱ͍ۙܗঢ়Λ༗͢Δɽͨͩ͠ɼ1aϞʔυͱ 1bϞʔυʹରԠ͢Δୈ 2ओ

੒෼ͱୈ 3ओ੒෼ʹ͓͍ͯɼ௕ִؒؒ࣌ͷྻܥ࣌೾ܗΛ༻͍ͨ෼ੳ݁Ռͱ͸֯౓ͷҟ

ͳΔมܗύλʔϯ͕ΈΒΕΔɽ͜ΕΒͷมܗύλʔϯ͸पํ޲΁ෆنଇʹ෼෍͍ͯ͠

Δɽ͜ͷෆنଇͳ෼෍͸มܗύλʔϯͷෆنଇͳมಈʹରԠ͢Δɽ

୹ִؒؒ࣌ͷओ੒෼෼ੳ͔ΒಘΒΕͨد༩཰ͷྻܥ࣌೾ܗΛਤ 3.12ʹࣔ͢ɽ0ɼ1aͳ

Βͼʹ 1bϞʔυʹରԠ͢Δมܗύλʔϯͷد༩཰ΛͦΕͧΕɼؙҹɼ࢛֯ҹɼ֯ࡾҹ

Ͱࣔ͢ɽ0Ϟʔυͷد༩཰ͷ૿Ճͱݮগʹରͯ͠ɼ1aϞʔυͷد༩཰͸ಉఔ౓ͷݮগ

ͱ૿ՃΛࣔ͢ɽͭ·Γɼ0Ϟʔυͱ 1aϞʔυͰد༩཰ͷ΍ΓऔΓ͕ߦΘΕ͍ͯΔɽҰ

ํɼ1bϞʔυ͸΄΅Ұఆͷد༩཰Λࣔͨ͠ɽ0Ϟʔυͱ 1aϞʔυͷؒͷد༩཰ͷ΍Γ

औΓ͸ɼ0Ϟʔυͱ 1aϞʔυ͕಺෦ڞৼʹΑΓΧΦεৼಈ΁د༩͢Δ͜ͱΛࣔ͢ɽҰ

ํɼ1bϞʔυͷҰ༷ͳد༩཰͸ɼ1bϞʔυͷݻ༗ৼಈ਺͕Ճৼৼಈ਺ͷ໿ 2ഒͷҐஔ

ʹ͋ΔͨΊ 2ഒͷߴௐ೾ڞৼͱͯ͠ΧΦεৼಈʹد༩͢Δ͜ͱΛࣔ͢ɽ

Fig 3.12: Time history of the contribution ratio corresponds to the each modal pattern (ωex = 9.59,

pd = 4.4).

3.5 ݴ݁

֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ͷඇઢܗৼಈ࣮ݧΛͨͬߦɽओͳ݁Ռ͸ҎԼʹࣔ͢௨

ΓͰ͋Δɽ

1. ඇରশͳมܗܗঢ়ʹΑΓɼઅ௚ܘΛҰຊ༗͢Δ 1aϞʔυͱ 1bϞʔυ͕ҟͳΔݻ

༗ৼಈ਺Ͱൃੜͨ͠ɽ͜ΕΒͷઅ௚ܘ͸͍ޓʹ௚ަ͢Δɽ

2. અ௚ܘΛ΋ͨͳ͍ 0ϞʔυͷओڞৼԠ౴ͷݶΒΕͨৼಈ਺ൣғʹ͓͍ͯɼৼ෯ม

ௐΛ༗͢ΔΧΦεৼಈ͕ൃੜͨ͠ɽ͜ͷΧΦεৼಈ͸ 0Ϟʔυͱ 1aϞʔυͷ 1:2
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ͷ಺෦ڞৼ͔Βൃੜͨ͠ɽ

3. ओ੒෼෼ੳ͔Βɼ0ɼ1aͳΒͼʹ 1bϞʔυ͕ͦΕͧΕ 62ɼ24ɼ14%ͷݦஶͳد༩

཰Λࣔͨ͠ɽओ੒෼෼ੳʹ༻͍Δؒ࣌௕Λ୹ִؒؒ࣌ͱͨ͠৔߹ʹɼ1aϞʔυͱ

1bϞʔυʹରԠ͢ΔมܗύλʔϯͰपํ޲΁ͷมಈΛ֬ೝͨ͠ɽ͞Βʹɼد༩཰

ͷؒ࣌มԽʹ஫໨͢Δͱɼ಺෦ڞৼ৚݅Λຬͨ͢ 0ͱ 1aϞʔυͰ͸د༩཰ͷ΍Γ

औΓ͕֬ೝ͞ΕͨɽҰํɼՃৼৼಈ਺ͷ໿ 2ഒʹઢݻܗ༗ৼಈ਺Λ༗͠಺෦ڞৼ

৚݅Λຬ͍ͨͯ͠ͳ͍ 1bϞʔυʹ͓͍ͯ͸ɼΧΦεৼಈʹ͓͍ͯد༩཰ͷมԽ͸

খ͍͞ɽ
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ୈ4ষ ͸Γͱԁ൘ͷ݁߹ཁૉͷඇઢܗৼಈ࣮ݧ

4.1 ॹݴ

Micro Electro Mechanical System (MEMS)͸ిثػࢠ΍৘ใثػʹ͓͍ͯηϯαʔ

΍ΞΫνϡΤʔλͱͯ͠ɼ෯͘޿༻͍ΒΕ͍ͯΔɽMEMSߏ଄෺ͷҰͭʹϚΠΫϩε

Ωϟφʔ͕͋ΔɽϚΠΫϩεΩϟφʔ͸ɼ͸Γཁૉͱ൘ཁૉΛ݁߹ͤͨ͞ܗঢ়Λ༗͠ɼ

ͦͷ൘ް͸௕खํ޲ͷੇ๏ʹରͯ͠े෼ബ͍ɽ൘ཁૉͱۣͯ͠ܗ൘΍ԁ൘͕༻͍ΒΕ

ΔɽϚΠΫϩεΩϟφ͸Ͷ͡ΓϞʔυͷڞৼԠ౴Λར༻ͯ͠ɼϨʔβʔޫΛ෯ൣ͍޿

ғʹ൓ࣹ͢ΔɽڞৼԠ౴ͷͶ͡Γ͕֯େ͖͍৔߹ɼඇઢܗৼಈʹΑΓͶ͡ΓৼಈϞʔ

υͱ͛ۂৼಈϞʔυͷ࿈੒ৼಈ͕ൃੜ͠ಘΔɽ͞Βʹɼಛఆͷՙॏ΍ৼಈ਺ͷ৚݅Ͱ

ΧΦεৼಈͷൃੜ͢ΔՄೳੑ͕͋Δɽඇઢܗৼಈ΍ΧΦεৼಈ͸ϚΠΫϩεΩϟφʔ

ͷ૸ࠪਫ਼౓Λ௿Լͤ͞Δɽਫ਼౓ͷΑ͍ϚΠΫϩεΩϟφʔΛઃ͢ܭΔ্Ͱɼ͸Γཁૉ

ͱ൘ཁૉΛ૊Έ߹Θͤͨ݁߹ཁૉͷඇઢܗৼಈڍಈΛ໌Β͔ʹ͢Δ͜ͱ͸ॏཁͰ͋Δɽ

ϚΠΫϩεΩϟφʔ͸ɼ͸Γͱ൘ͷཁૉ͔Βߏ੒͞ΕΔɽ͸Γͷඇઢܗৼಈʹ͍ͭͯ

͸ଟ͘ͷऀڀݚʹΑΓใ͕͞ࠂΕ͍ͯΔɽYamakiΒ [1, 2]͸ॳ࣠ظѹॖมҐΛมԽʹ

ΑΔ྆୺ݻఆ͸ΓͷඇઢܗৼಈͷڀݚΛͨͬߦɽNagaiΒ [3]͸྆୺ݻఆͷڥք৚݅Λ

༗͢Δޙ۶࠲͸ΓͷඇઢܗৼಈɼಛʹΧΦεৼಈͷ࣮ݧΛͨͬߦɽޙ۶࠲͸ΓͷΧΦ

εৼಈͷղੳ͸MaruyamaΒ [4]ʹΑΓৄߦʹࡉΘΕɼΧΦεৼಈʹ͓͚ΔϞʔυͷد

༩͕ௐࠪ͞Εͨɽ൘ͷඇઢܗৼಈʹ͍ͭͯ΋ଟ͘ͷऀڀݚʹΑΓௐ͕ࠪߦΘΕ͍ͯΔɽ

ॳظ໘಺มҐΛड͚Δݻఆۣܗ൘ͷඇઢܗৼಈʹ͍ͭͯɼYamakiΒ [5, 6]͸࣮ݧͳΒ

ͼʹղੳʹΑΓڀݚΛͨͬߦɽChangΒ [7]͸୯७࣋͞ࢧΕۣͨܗ൘ͷඇઢܗৼಈͳΒ

ͼʹΧΦεৼಈͷղੳΛͨͬߦɽOnozatoΒ [8]͸໘಺ѹॖྗΛड͚Δۣܗ൘ͷΧΦε

ৼಈ࣮ݧΛͨͬߦɽݻఆԁ൘ͷඇઢܗৼಈͷղੳ͸ SridharΒ [9, 10]ʹΑΓߦΘΕͨɽ

ॳظ໘಺มҐΛड͚Δݻఆԁ൘ͷඇઢܗৼಈͷ࣮ݧͳΒͼʹղੳ͸YamakiΒ [11, 12]

ʹΑΓߦΘΕ͍ͯΔɽϚΠΫϩεΩϟφͷಈతԠ౴ͷڀݚ͸ෳ਺ͷऀڀݚʹΑΓใࠂ

͞Ε͍ͯΔɽKhatamiΒ [13]͸੩ిྗͱিܸΛड͚ΔτʔγϣϯϛϥʔͷಈతԠ౴ͷ

ղੳΛͨͬߦɽShabaniΒ [14]͸ϓϧΠϯ৚݅ۙ๣ʹ͓͚Δ੩ిͶ͡ΓΞΫνϡΤʔλ

ͷඇઢܗৼಈΛղੳͨ͠ɽAtamanΒ [15, 16]͸ɼ͘͠ࣃϚΠΫϩεΩϟφͷඇઢܗԠ

౴ۂઢͷௐࠪΛͨͬߦɽ͜ΕΒͷڀݚͰ͸ɼϚΠΫϩεΩϟφͷղੳϞσϧΛ͹Ͷͱ

߶ମ൘ͷ૊Έ߹ΘͤͰԾఆ͍ͯ͠Δɽ࣮ݧʹ͓͚ΔͶ͡ΓৼಈϞʔυͱ͛ۂৼಈϞʔ
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υͷඇઢܗ࿈੒ৼಈʹ͍ͭͯ͸ɼ͞ΒͳΔ෼ੳͷ༨஍͕͋Δɽઌʹड़΂ͨ௨ΓɼϚΠ

ΫϩεΩϟφʔͷઃܭΛൃలͤ͞ΔͨΊʹɼͶ͡Γৼಈͱ͛ۂৼಈͷඇઢܗ࿈੒Λ໌

Β͔ʹ͢Δඞཁ͕͋Δɽஶऀͷ஌ΔݶΓɼෳܗࡶঢ়ʹରͯ͠ద༻Ͱ͖Δඇઢܗৼಈղ

ੳ͸ࡏݱ·Ͱɼ։ൃ͞Ε͍ͯͳ͍ɽ͜ΕΑΓɼ࣮ݧʹΑΔͶ͡ΓৼಈϞʔυͱ͛ۂৼ

ಈϞʔυؒͷඇઢܗ࿈੒ৼಈͷൃੜ৚݅ͱϞʔυͷد༩Λௐࠪ͢Δ͜ͱ͸ॏཁͰ͋Δɽ

͜ΕΒͷ࣮݁ݧՌ͸ෳܗࡶঢ়ͷඇઢܗৼಈղੳΛൃలͤ͞ΔͨΊʹՁ஋ͷ͋Δ஌ݟͱ

ͳΓ͏Δɽ

ຊষͰ͸ɼϚΠΫϩεΩϟφʔͷૅجϞσϧͱͯ͠ɼ͸Γͱԁ൘Ͱߏ੒͞ΕΔ݁߹

ཁૉͷඇઢܗৼಈʹ͍࣮ͭͯݧʹΑΓৄ͘͠ௐ΂ͨɽཁૉͷ྆୺͸ͨΘΈํݻʹ޲ఆ

͞Ε͍ͯΔɽཁૉͷҰ୺͸൘όωʹΑΓ࣠ํ͕޲஄ੑ߆ଋ͞Ε͓ͯΓɼ൘όωʹΑΓ

ݻৼಈϞʔυͷ͛ۂΔɽ·ͣɼ࣠ྗΛมԽͤͨ͞৔߹ͷͶ͡ΓϞʔυͱ͢༺࡞͕ྗ࣠

༗ৼಈ਺Λଌఆͨ͠ɽ୅දతͳ࣠ྗͷ΋ͱɼ݁߹ཁૉͷܗঢ়ͱ෮ྗݩಛੑΛଌఆͨ͠ɽ

͍ͭͰɼ࣠ҾுྗΛ࡞༻ͤͨ݁͞߹ཁૉʹԣํ޲पظՃৼՃ଎౓ΛՃ͑ͨɽՃৼৼಈ

਺Λ૟Ҿ͠ɼඇઢܗͷप೾਺Ԡ౴ۂઢΛಘͨɽಛఆͷৼಈ਺ྖҬͰൃੜͨ͠ඇपظԠ

౴ΛɼಈతԠ౴ͷྻܥ࣌೾ܗɼप೾਺෼ੳɼϙΞϯΧϨࣸ૾ਤͳΒͼʹ࠷େϦϟϓϊ

ϑࢦ਺Λ༻͍ͯ෼ੳͨ͠ɽඇपظԠ౴ʹର͢ΔϞʔυͷد༩Λௐ΂ΔͨΊʹɼଟ఺ಉ

೾ྻܥ࣌ͷؒ࣌ओ੒෼෼ੳΛద༻ͨ͠ɽ͞Βʹɼ௕ʹܗ೾ྻܥ࣌ͷؒ࣌ऩ࿥ͨ͠௕࣌

มԽΛௐ΂ͨɽؒ࣌༩཰ͷدɼ͍ߦͱʹओ੒෼෼ੳΛִؒؒ࣌͝Β୹͔ܗ

4.2 ͸Γͱԁ൘ͷ݁߹ཁૉ

͸Γͱԁ൘ͷ݁߹ཁૉͱݻఆ૷ஔΛਤ 4.1ʹࣔ͢ɽ֤෦ͷੇ๏ͱ݁߹෺ͷ෺ੑ஋Λද

4.1ʹࣔ͢ɽ݁߹ཁૉ͸ೋͭͷ͸Γͱԁ൘Ͱߏ੒͞ΕΔɽԁ൘͸ཁૉதԝʹ͋Δɽཁૉ

ͷ྆୺͸ݻఆ૷ஔʹݻఆ͞Ε͍ͯΔɽݻఆ୺ؒͷڑ཭͸ L = 157.5 mmͰ͋Δɽ͸Γ

ͷ෯͸ b = 13.5 mmͰ͋Γԁ൘ͷ௚ܘ͸D = 99 mmͰ͋Δɽݻఆ୺ؒͷڑ཭ʹର͢

Δԁ൘ͷ௚ܘ͸ D/L = 0.63Ͱ͋Δɽ͸Γ෦͔Βԁ൘΁Ҡ͢ߦΔՕॴͷཁૉͷ෯͸൒

ܘ 10mmͷԁހʹԊͬͯ׈Β͔ʹมԽ͢Δɽ݁߹ཁૉͱͯ͠൘ް h = 0.15 mmͷϦϯ

੨ಔ൘Λ༻͍ͨɽϦϯ੨ಔ൘ͷϠϯά཰͸ E = 81 GPaɼີ౓͸ ρ = 8.5× 103 kg/m3

Ͱ͋Δɽཁૉද໘͸ଌఆਫ਼౓ͷ্޲ͷͨΊɼΞΫϦϧϥοΧʔʹΑΓന৭ృ૷͞Εͯ

͍Δɽന৭ృ૷ΛؚΉ൘ް͸ h′ = 0.21 mmͰ͋Δɽཁૉʹ௚ަ࠲ඪܥΛಋೖ͢Δɽཁ

ૉ௕खํ͔ͯͬ޲ʹ޲ x࣠ɼݻఆ୺ʹԊͬͯ y࣠ɼx− y໘ͱԖ௚ʹ z࣠ΛͱΔɽ

͍༺੒͞ΕΔɽ߶ମϒϩοΫ͸ϘϧτΛߏఆ૷ஔ͸ɼ߶ମϒϩοΫͱՄಈ୆ʹΑΓݻ

ͯ౔୆ϑϨʔϜʹݻఆ͞Ε͍ͯΔɽՄಈ୆͸ɼεϥΠυϒϩοΫ্ʹೋຕͷฏߦͳϦ

ϯ੨ಔ൘͔ΒͳΔ൘͹ͶΛ༗͢ΔɽεϥΠυϒϩοΫ͸ɼ౔୆ϑϨʔϜ্Λ x࣠ํ޲
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Fig 4.1: The combined structure and the fixture.

Table 4.1: The dimensions and the material properties of the structure.

The length between clamped edges L = 157.5 mm

The breadth of the beam b = 13.5 mm

The diameter of the disc D = 99 mm

The thickness h = 0.15 mm

Young’s modulus E = 81 GPa

The mass density ρ = 8.5× 103 kg/m3

The spring constant of the elastic plates ks = 13× 103 N/m
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΁ҠಈͰ͖ΔɽཁૉͷҰ୺͸߶ମϒϩοΫʹΑΓݻఆ͞Εɼ΋͏Ұ୺͸Մಈ୆্ʹݻ

ఆ͞ΕΔɽ݁Ռͱͯ͠ɼͨΘΈํ޲ͷڥք৚݅͸྆୺ݻఆͱͳΓɼ࣠ํ޲ͷڥք৚݅

͸஄ੑ߆ଋͱͳΔɽεϥΠυϒϩοΫΛ x࣠ํ޲΁Ҡಈ͢Δͱɼཁૉʹ͸࣠ྗNx͕࡞

༻͢Δɽ࣠ྗ͸൘͹ͶʹऔΓ෇͚ͨͻͣΈήʔδ͔Βͨ͠ࢉ׵ɽεϥΠυϒϩοΫ্

ͷ൘͹Ͷͷόωఆ਺͸ɼूதՙॏͱ൘͹ͶͷͨΘΈͷ͔ؔ܎Β ks = 13 × 103 N/mͱ

ಘΒΕͨɽ

4.3 ແݩ࣍Խ

࣍Λಋೖͨ͠ɽͨͩ͠ɼॾྔͱͯ͠அ໘ೋྔݩ࣍ՌΛ੔ཧ͢Δ্ͰɼҎԼͷແ݁ݧ࣮

൒ܘ r =
√

I/A ͱ֯ৼಈ਺ʹؔ͢Δఆ਺ Ω0 = (1/L2)
√

EI/(ρA)Λಋೖ͢Δɽ͜͜Ͱ

IͱA͸ͦΕͧΕɼ͸Γཁૉʹ͓͚Δஅ໘ೋ࣍Ϟʔϝϯτͱஅ໘ੵͰ͋Δɽ

ξ = x/L (4.1a)

η = y/D (4.1b)

[ws, w̄s, w] = [Ws, W̄s,W ]/h (4.1c)

nx = NxL
2/EI (4.1d)

[ps, pd] = [g, ad]ρAL
4/EIr (4.1e)

qs = QsL
3/EIr (4.1f)

[ωex,ωmn] = [fex, fmn](2π/Ω0) (4.1g)

τ = Ω0t (4.1h)

ξͱ η͸ͦΕͧΕɼx࣠ͱ y࣠ͷແ࠲ݩ࣍ඪͰ͋Δɽه߸ws͸ z = 0͔Βͷແݩ࣍ͷ੩

ͨΘΈΛࣔ͠ɼw̄sͱw͸ͦΕͧΕɼࣗॏͱ࣠ྗ͕ࡍͨ͠༺࡞ͷ੩తฏߧҐஔ͔Βͷ੩

ͨΘΈ W̄sͱಈతԠ౴ W ͷແྔݩ࣍Ͱ͋Δɽnx͸ແݩ࣍ͷ࣠ྗͰ͋Δɽه߸ psͱ pd

͸ແݩ࣍ͷॏྗՃ଎౓ gͱՃৼՃ଎౓ৼ෯ adͰ͋Δɽqs͸ແूݩ࣍தՙॏͰ͋Δɽه

߸ ωexͱ ωmn͸ແݩ࣍ͷՃৼৼಈ਺ͱ (m,n)Ϟʔυͷઢݻܗ༗ৼಈ਺Ͱ͋Δɽ͜͜Ͱ

mͱn͸ͦΕͧΕɼξ࣠ͱ η࣠ͱ௚ަ͢Δઅઢͷ਺Λࣔ͢ɽه߸ τ͸ແؒ࣌ݩ࣍Λࣔ͢ɽ

4.4 ཁྖݧ࣮

݁߹ཁૉͷجຊಛੑͱͯ͠ɼ·ͣɼ࣠ྗʹର͢Δઢݻܗ༗ৼಈ਺Λଌఆͨ͠ɽ͍ͭ

Ͱɼ୅දతͳ࣠ྗʹ͓͍ͯࣗॏԼͰͷมܗܗঢ়ͱ෮ྗݩಛੑΛଌఆͨ͠ɽ෮ྗݩಛੑ

͸ɼूதՙॏʹର͢Δ൘ͷ੩ͨΘΈͷؔ܎ΑΓಘͨɽՙॏ఺ͱଌఆ఺Λม͑ɼ࠷௿࣍

ಛੑΛಘͨɽྗݩৼಈϞʔυͱͶ͡ΓৼಈϞʔυʹରԠ͢Δ෮͛ۂ
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୅දతͳ࣠ҾுՙॏΛ࡞༻ͤͨ͞ঢ়ଶͰ݁߹ཁૉʹԣํ޲पظՃৼՃ଎౓Λ༩͑ɼՃ

ৼ࣮ݧΛͨͬߦɽՃৼৼಈ਺Λ࠷௿͛ۂ࣍ৼಈϞʔυͷݻ༗ৼಈ਺ۙ๣Ͱ૟Ҿ͠ɼԠ

౴ৼ෯ͷ࣮ޮ஋͔Βप೾਺Ԡ౴ۂઢΛಘͨɽप೾਺Ԡ౴ۂઢͰಛ௃తͳৼಈԠ౴Λࣔ

ͨ͠प೾਺ྖҬʹ͓͍ͯɼͨΘΈͷྻܥ࣌೾ܗͱϙΞϯΧϨࣸ૾ਤΛऩ࿥ͨ͠ɽܥ࣌

ྻ೾ܗͷऩ࿥͸ෳ਺ͷଌఆ఺Ͱಉͨͬߦʹ࣌ɽಘΒΕͨྻܥ࣌೾ܗΛ෼ੳ͠ɼप೾਺

෼ੳ݁Ռɼ࠷େϦϟϓϊϑࢦ਺ͳΒͼʹओ੒෼෼ੳ݁ՌΛಘͨɽओ੒෼෼ੳͰ͸ɼ௕

ΒҰ͔ܗ೾ܗ೾ྻܥ࣌ͷؒ࣌Λ༻͍ͨ෼ੳ݁Ռͱ௕ܗ೾ྻܥ࣌ΘͨΓऩ࿥ͨ͠ʹؒ࣌

ఆͷִؒؒ࣌ʹ෼ׂ͠෼ੳΛ݁ͨͬߦՌΛൺֱͨ͠ɽ

4.5 ݁Ռٴͼ࡯ߟ

4.5.1 ݁߹ཁૉͷجຊಛੑ

ཁૉʹ࡞༻͢Δ࣠ྗΛมԽͤ͞ɼઢݻܗ༗ৼಈ਺Λଌఆͨ͠ɽ࣠ྗͱઢݻܗ༗ৼಈ਺

ͷؔ܎Λਤ 4.2ʹࣔ͢ɽॎ࣠͸ (m,n)Ϟʔυͷઢݻܗ༗ৼಈ਺ωmnΛࣔ͠ɼԣ࣠͸࣠ྗ

Λࣔ͢ɽ࠷௿࣍ͷ͛ۂৼಈϞʔυͰ͋Δ (0, 0)ϞʔυͱͶ͡ΓৼಈϞʔυͰ͋Δ (0, 1)

ϞʔυΛͦΕͧΕؙҹͱ֯ࡾҹͷϓϩοτͰࣔͨ͠ɽ࣠ѹॖՙॏΛՃ͑ΔͨΊʹ࣠ྗ

nxΛ 0͔Βෛํ޲΁૿Ճͤ͞Δͱɼݻ༗ৼಈ਺ ω00͸Θ͔ͣʹݮগ͠ nx = −7Ͱ࠷খ

ͱͳΓɼͦͷ্ޙঢͨ͠ɽҰํɼݻ༗ৼಈ਺ ω01͸ɼ࣠ྗ nxΛ 0͔Βਖ਼ํ޲΁૿Ճ͞

ͤҾுՙॏΛ༩͑ͨ࠷ʹࡍখ஋Λࣔͨ͠ɽݻ༗ৼಈ਺ ω00͕࠷খ஋Λࣔͨ࣠͠ѹॖՙ

ॏ nx = −7ͷઈର஋Λ۶࠲ՙॏ ncr = 7ͱ͢Δɽ

Fig 4.2: Natural frequencies of the structure under axial forces nx.

࣠ҾுՙॏΛ nx = 0ɼ350ͳΒͼʹ 700ͱͯ͠ɼ۶࠲ՙॏ ncrʹର͢Δ࣠ྗ nx/ncr͕

0ɼ50ͳΒͼʹ 100ʹ͓͚Δ݁߹ཁૉͷܗঢ়ͱ෮ྗݩಛੑΛଌఆͨ͠ɽਤ 4.3(a) ͱ (b)

ʹཁૉͷܗঢ়Λࣔ͢ɽ࣠ྗ nx/ncr = 0ɼ50ͳΒͼʹ 100ʹ͓͚Δ੩ͨΘΈΛͦΕͧΕɼ
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ؙҹɼ࢛֯ҹͳΒͼʹ֯ࡾҹͷϓϩοτͰ͍ࣔͯ͠Δɽਤ 4.3(a)͸ η = 0ʹ͓͚Δ ξํ

ঢ়Λࣔ͢ɽ࣠ྗ͕ܗͷ޲ nx/ncr = 0ͷ΋ͱͰɼ੩ͨΘΈ͸ཁૉͷதԝͰ൘ްͷ໿ 8ഒ

ੜ͍ͯ͡Δɽ࣠ҾுྗΛ্ঢͤͨ͞ nx/ncr = 50ͱ 100ͷ৔߹Ͱ͸ɼ੩ͨΘΈ͸൘ްఔ

౓ʹݮগ͢Δɽ3ͭͷ࣠ྗ nx/ncr = 0, 50ͱ 100ͷ΋ͱͰɼཁૉͷܗঢ়͸ ξ = 0.5ʹର

ͯ͠΄΅ରশͷܗঢ়Λࣔͨ͠ɽξ = 0.5ʹ͓͚Δ ηํ޲ͷཁૉͷܗঢ়Λਤ 4.3(b)ʹࣔ͢ɽ

࣠ྗ nx/ncr = 0Ͱ͸ɼ྆୺ͷ੩ͨΘΈͷํ͕޲ η = 0ͷͨΘΈʹରͯ͠ҟͳΔɽ࣠Ҿ

ுྗΛ্ঢͤ͞Δͱɼη = 0Ͱͷ੩ͨΘΈͷݮগʹ൐͍྆୺ͷ੩ͨΘΈ͸ಉํ޲ͱͳ

Δɽ͞Βʹɼ྆୺ͷ੩ͨΘΈͷ͕ࠩݮগ͢Δɽ

Fig 4.3: Configurations of the structure under axial tensile forces, (a) along the ξ direction at η = 0,

(b) along the η direction at ξ = 0.5.

ਤ4.4 (a)ͱ (b)͸ཁૉͷ෮ྗݩಛੑΛࣔ͢ɽԣ࣠͸੩ͨΘΈ w̄sͰ͋Γɼॎ࣠͸ूதՙ

ॏ qsͰ͋Δɽ࣠ྗnx/ncr = 0ɼ50ͳΒͼʹ 100ʹ͓͚Δ੩ͨΘΈ w̄sΛͦΕͧΕɼؙҹɼ

Ͱࣔ͢ɽਤ֯ࡾʹͳΒͼ࢛֯ 4.4 (a)Ͱ͸ɼ࠷௿࣍ͷ͛ۂৼಈϞʔυʹରԠ͢Δ෮ྗݩಛ

ੑΛಘΔͨΊʹɼूதՙॏΛ (ξ, η) = (0.5, ੩ͨΘΈͤ͞༺࡞ʹ(0 w̄sΛ (ξ, η) = (0.3, 0)

Ͱଌఆͨ͠ɽਤ 4.4 (a)ΑΓɼ࣠ྗ͕ nx/ncr = 0, 50 ͱ 100ͷ͢΂ͯͷ৔߹Ͱɼཁૉ͸

Θ͔ͣʹඇઢੑܗΛ༗͢Δ෮ྗݩಛੑΛࣔͨ͠ɽ࣠Ҿுྗͷ૿Ճʹ൐͍ɼ෮ྗݩಛੑ

ͷޯ഑͸૿Ճ͢Δɽਤ 4.4 (b)Ͱ͸ɼͶ͡ΓϞʔυʹରԠ͢Δ෮ྗݩಛੑΛಘΔͨΊʹɼ

ूதՙॏΛ (ξ, η) = (0.5, ͷࡍͨͤ͞༺࡞ʹ(0.45 w̄sΛ (ξ, η) = (0.5,−0.45)Ͱଌఆͨ͠ɽ

89



࣠ྗ nx/ncr = 0ͷ΋ͱͰɼूதՙॏ qsΛਖ਼ํ޲ʹ૿Ճ͢Δͱɼޯ഑ͷେ͖͍෮ྗݩಛ

ੑΛࣔ͢ɽҰํɼूதՙॏΛෛํ޲΁૿Ճͤ͞Δͱɼ෮ྗݩಛੑͷޯ഑͸ݮগ͢Δɽ࣠

ྗ͕ nx/ncr = 50 ͱ 100ͷ΋ͱͰ͸ɼཁૉ͸΄΅ઢܗͷ෮ྗݩಛੑΛࣔͨ͠ɽ͞Βʹɼ

ͦΕͧΕͷ࣠ྗʹ͓͚Δ෮ྗݩ͸ɼ΄΅ಉ͡Ͱ͋Δɽ͜ΕΑΓɼ࣠Ҿுྗ͕͋Δఔ౓

େ͖͍৔߹ʹɼ࣠Ҿுྗͷ૿ՃͷӨ͕ڹཁૉͷ෮ྗݩಛੑʹٴ΅͢Өڹ͸খ͍͞ɽ

3ͭͷ࣠Ҿு৚݅ͷͳ͔Ͱɼ࣠Ҿுྗ͕nx/ncr = 100ͷ৔߹ʹཁૉ͸࠷΋ରশͳܗঢ়

ͱΘ͔ͣʹඇઢੑܗΛ༗͢Δ෮ྗݩಛੑΛࣔͨ͠ɽຊ࣮ݧͰ͸ɼ࣠Ҿுྗnx/ncr = 100

ͷ΋ͱͰՃৼ࣮ݧΛͨͬߦɽ࣠ྗ nx/ncr = 100ʹ͓͚Δཁૉͷઢݻܗ༗ৼಈ਺ͱݻ༗

ৼಈϞʔυΛද 4.2ʹࣔ͢ɽදʹ͓͍ͯɼഁઢ͸અઢΛࣔ͢ɽ

Fig 4.4: Characteristics of the restoring force of the structure, (a) w̄s is measured at (ξ, η) = (0.3, 0)

under qs at (ξ, η) = (0.5, 0), (b) w̄s is measured at (ξ, η) = (0.5,−0.45) under qs at (ξ, η) = (0.5, 0.45).

4.5.2 प೾਺Ԡ౴ۂઢ

ཁૉʹ࣠Ҿுՙॏ nx/ncr = 100ΛՃ͑ɼൺֱతখ͍͞ՃৼՃ଎౓ৼ෯ pd = 3 × 103

(ad = 4m/s2)ͷ΋ͱप೾਺Ԡ౴ۂઢΛಘͨɽՃৼৼಈ਺͸ (0, 0)Ϟʔυͷઢݻܗ༗ৼ

ಈ਺ۙ๣Ͱ૟Ҿͨ͠ɽ࠲ඪ (ξ, η) = (0.7, 0.3)ʹ͓͚Δप೾਺Ԡ౴ۂઢΛਤ 4.5ʹࣔ͢ɽ

ॎ࣠͸ແݩ࣍ͷಈతԠ౴ wͷ࣮ޮ஋ৼ෯ wrmsͰ͋Γɼԣ࣠͸Ճৼৼಈ਺ ωexͰ͋Δɽ

(0, 0)Ϟʔυͷઢݻܗ༗ৼಈ਺Λԣ্࣠ʹؙҹͰ͍ࣔͯ͠Δɽൺֱతখ͍͞ՃৼՃ଎౓
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Table 4.2: The modes of vibration and the natural frequencies of the structure under nx/ncr = 100.

mode (m,n) mode (0,1) mode (0,0)

�mn �01=16.5 �00=38.7

Fig 4.5: Frequency response curve under pd = 3× 103.

ৼ෯ʹ΋͔͔ΘΒͣɼप೾਺Ԡ౴ۂઢ͸ඇઢੑܗͷ͍ڧ઴ܕߗͷ෮ྗݩಛੑʹରԠ͠

ͨେৼ෯Ԡ౴Λࣔͨ͠ɽ͞ΒʹɼඇपظԠ౴͕େৼ෯Ԡ౴ʹԊͬͯ֬ೝ͞Εͨɽຊ࣮

Ͱ͸ɼՃৼৼಈ਺͕ݧ ωex = 40.6ͷ৔߹ʹൃੜͨ͠ඇपظԠ౴ʹ͍ͭͯৄࡉʹ෼ੳΛ

ɽͨͬߦ

4.5.3 ඇपظԠ౴

Ճৼৼಈ਺ ωex = 40.6ʹ͓͍ͯɼཁૉͷಈతԠ౴ɼप೾਺෼ੳ݁ՌͳΒͼʹϙΞϯ

ΧϨࣸ૾ਤΛऩ࿥ͨ͠ɽଌఆ఺͸ (ξ, η) = (0.7, 0.3)Ͱ͋Δɽ

ਤ 4.6(a)ʹՃৼपظ τeͰج४Խͨ͠पظ਺ τ/τeʹର͢ΔಈతԠ౴wΛࣔ͢ɽಈతԠ

౴ͷแབྷઢͷඇपظతͳมௐ͕֬ೝͰ͖ΔɽಈతԠ౴ͷप೾਺෼ੳ݁ՌΛਤ 4.6(b)ʹ

ࣔ͢ɽਤͷॎ࣠͸σγϕϧ஋Ͱࣔ͞Εͨৼ෯AͰ͋Γɼԣ࣠͸ແݩ࣍ৼಈ਺ ωͰ͋Δɽ

ઢݻܗ༗ৼಈ਺Λԣ্࣠ʹؙҹͰ͍ࣔͯ͠Δɽ޿ଳҬͷৼಈ੒෼ͷ༠͕֬ىೝͰ͖Δɽ

ஶͳεϖΫτϧͷϐʔΫ͕Ճৼৼಈ਺ݦ ωexͱՃৼৼಈ਺ͷ൒෼ͷৼಈ਺ (1/2)ωexۙ

๣Ͱ֬ೝͰ͖ΔɽՃৼपظʹಉͯ͠ظऩ࿥ͨ͠ಈతԠ౴ wͱ଎౓ w,ωτ Λϓϩοτ͠ɼ

ϙΞϯΧϨࣸ૾ਤΛಘͨɽਤ 4.6(c)ʹϙΞϯΧϨࣸ૾ਤΛࣔ͢ɽਤΑΓࣸ૾఺͸෯޿
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Fig 4.6: The nonlinear response (a)time history, (b) Fourier spectrum, (c) Poincaré projection under

pd = 3× 103, ωex = 40.6.

͍ൣғʹ෼͍ͯ͠ࢄΔɽ

ωex = 40.6ͰՃৼͨ͠ࡍͷɼ෯ଌఆ఺ (ξ, η) = (0.7, 0.3)ʹ͓͚Δྻܥ࣌೾ܗΛ༻͍ͯ

ݩ࣍ΈࠐɽຒΊͨ͠ࢉܭ਺λmaxΛࢦେϦϟϓϊϑ࠷ eʹର͢Δ࠷େϦϟϓϊϑࢦ਺λmax

Λਤ 4.7ʹࣔ͢ɽຒΊࠐΈݩ࣍ e = 10Ҏ্Ͱ͸ɼ࠷େϦϟϓϊϑࢦ਺ λmax͸ λmax = 1

͔Β 1.3ʹऩଋ͢ΔɽຒΊࠐΈݩ࣍ eͷ૿Ճʹର͢Δ࠷େϦϟϓϊϑࢦ਺ λmaxͷਖ਼஋

΁ͷऩଋ͔ΒɼಈతԠ౴͕ΧΦεৼಈͰ͋Δͱ֬ఆ͞Εͨɽ

ΧΦεৼಈʹد༩͢ΔৼಈϞʔυͱͦͷد༩཰Λ໌Β͔ʹ͢ΔͨΊʹɼଟ఺ಉܭ࣌ଌ

͞ΕͨಈతԠ౴ͷྻܥ࣌೾ܗʹओ੒෼෼ੳΛద༻ͨ͠ɽྻܥ࣌೾ܗͷऩ࿥͸ɼՃৼৼ

ಈ਺Λ ωex = 40.6ͱͯ͠ɼଌఆҐஔͷ࠲ඪ͸ (ξ, η) = (0.1, 0.05)ɼ(0.3,−0.3)ɼ(0.5, 0)ɼ
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Fig 4.7: Maximum Lyapunov exponent related to embedding dimension under pd = 3×103, ωex = 40.6.

(0.7, 0.3)ͳΒͼʹ (0.9,−0.05)ͷ 5఺Ͱͨͬߦɽओ੒෼෼ੳʹ༻͍Δྻܥ࣌೾ܗͷؒ࣌

௕͸Ճৼपظ τeͷ 1500ഒͱͨ͠ɽද 4.3ʹɼΧΦεৼಈʹد༩͢Δมܗύλʔϯͱର

Ԡ͢Δد༩཰ µiΛࣔ͢ɽมܗύλʔϯʹ͓͚Δࠇͷԁਲ਼ͷ͞ߴͱ͖޲͸ɼ֤ଌఆ఺ʹ

͓͚Δݻ༗ϕΫτϧ ͷ੒෼ φiʹରԠ͢Δɽ࠷௿͛ۂ࣍ৼಈϞʔυͰ͋Δ (0, 0)Ϟʔυ

ʹରԠ͢Δมܗύλʔϯ͸ 76.9%ͱɼ࠷େͷد༩཰Λࣔͨ͠ɽͶ͡ΓৼಈϞʔυͰ͋

Δ (0, 1)ϞʔυʹରԠ͢Δมܗύλʔϯ͸ 2൪໨ͷد༩Λࣔ͠ɼͦͷد༩཰͸ 22.2%Ͱ

͋Δɽ3൪໨͔Β 5൪໨ͷد༩཰͸ൺֱతখ͍͞ɽ͜ΕΑΓɼ෼ੳΛͨͬߦΧΦεৼಈ

ʹ͸ (0, 0)Ϟʔυͱ (0, 1)Ϟʔυ͕ݦஶʹد༩͢Δɽ

(0, 0)Ϟʔυͱ (0, 1)Ϟʔυͷد༩཰ͷؒ࣌มԽΛௐ΂ΔͨΊʹɼઌͷ෼ੳʹ༻͍ͨ

௕͕ؒ࣌ 1500τeͷྻܥ࣌೾ܗΛ୹ִؒؒ࣌ʹ෼ׂͯ͠ओ੒෼෼ੳΛͨͬߦɽ୹ؒؒ࣌

ִͷؒ࣌௕͸ 30τeͱ͢Δɽد༩཰ͷؒ࣌มԽΛਤ 4.8ʹࣔ͢ɽ(0, 0)Ϟʔυͱ (0, 1)Ϟʔ

υͷد༩཰ΛͦΕͧΕؙҹͱ࢛֯ҹͰࣔ͠ɼ෼ੳʹ༻ִ͍ͨؒؒ࣌ͷதԝʹϓϩοτ

ͨ͠ɽ(0, 0)Ϟʔυͱ (0, 1)ϞʔυͷؒͰد༩཰ͷෆنଇͳ΍ΓऔΓ͕֬ೝͰ͖Δɽ͞

Βʹɼಛ௃తͳد༩཰ͷมԽ͸ɼ3ͭͷൣؒ࣌ғʹ෼ྨͰ͖ΔɽՃৼपظʹର͢Δपظ

਺ τ/τe͕ 0͔Β 210ͳΒͼʹ 330͔Β 660ͷ৔߹ʹ͸ɼϞʔυ (0, 0)͕ 90%ఔ౓ͷݦ

ஶͳد༩Λࣔ͢ɽτ/τe͕ 210͔Β 330ͷ৔߹ʹ͸ɼ(0, 1)Ϟʔυͷد༩཰͕ (0, 0)Ϟʔ

υΑΓد͍ߴ༩཰Λࣔ͢ɽ͜ΕΒͷൣؒ࣌ғͰ͸د༩཰ͷมԽ͸ൺֱతখ͍͞ɽ͔͠

͠ɼτ/τe͕ 660͔Β 990ͷ৔߹ʹ͸ɼ(0, 0)Ϟʔυͱ (0, 1)Ϟʔυͷد༩཰ͷॱ൪͕ෆ

ଇʹೖΕସΘΔɽن
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Table 4.3: Contribution ratio and modal patterns to the chaotic response under pd = 3× 103, ωex =

40.6.

Fig 4.8: Time histories of the contribution ratios corresponding to mode(0, 0) and mode(0, 1) under

pd = 3× 103, ωex = 40.6.
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4.6 ݴ݁

͸Γͱԁ൘͔ΒͳΔ݁߹ཁૉͷඇઢܗৼಈͷ࣮݁ݧՌΛࣔͨ͠ɽ݁߹ཁૉʹ͸࣠ํ

͛ۂͷ࣍௿࠷ՃৼՃ଎౓ΛՃ͑ɼظप޲ҾுྗΛ༩͑ͨɽ݁߹ཁૉʹҰ༷ͳԣํʹ޲

ৼಈϞʔυۙ๣ͰඇઢܗৼಈԠ౴Λଌఆͨ͠ɽओͳ݁࿦ΛҎԼʹࣔ͢ɽ

1. ৼಈϞʔυͱͶ͡Γৼಈ͛ۂ࣍௿࠷༗ৼಈ਺෇ۙͰɼݻৼಈϞʔυͷ͛ۂ࣍௿࠷

Ϟʔυͷ࿈੒ͨ͠ΧΦεৼಈΛ֬ೝͨ͠ɽ

2. ୹ִؒؒ࣌ʹ෼ׂͨ͠ΧΦεৼಈͷྻܥ࣌೾ܗʹओ੒෼෼ੳΛద༻ͨ͠ɽͦͷ݁

Ռɼ࠷௿͛ۂ࣍ৼಈϞʔυͱͶ͡ΓৼಈϞʔυͷد༩཰ͷෆنଇͳ΍ΓऔΓ͕֬

ೝ͞Εͨɽ͞Βʹɼಛ௃తͳد༩཰ͷมԽ͸ 3ͭͷൣؒ࣌ғʹ෼ྨͰ͖Δɽ·ͣɼ

ғͰ͋Δɽ͍ͭͰɼͶ͡Γൣؒ࣌༩཰Λࣔ͢دஶͳݦৼಈϞʔυ͕͛ۂͷ࣍௿࠷

ৼಈϞʔυͷد༩཰͕࠷௿͛ۂ࣍ৼಈϞʔυΑΓد͍ߴ༩཰Λࣔ͢ൣؒ࣌ғͰ͋

Δɽ͜ΕΒ 2ͭͷൣؒ࣌ғʹ͓͍ͯɼد༩཰ͷؒ࣌มԽ͸খ͍͞ɽͦͯ͠ɼ࠷௿

ؒ࣌ଇʹೖΕସΘΔن༩཰ͷॱ൪͕ෆدৼಈϞʔυͱͶ͡ΓৼಈϞʔυͷ͛ۂ࣍

ൣғͰ͋Δɽ
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ୈ5ষ ݁࿦

ୈ 1ষͷ໨తʹै͍ɼԁ؀൘ͳΒͼʹ͸Γͱԁ൘Λ૊Έ߹Θͤͨܗঢ়ͷ݁߹ཁૉʹͭ

͍ͯඇઢܗৼಈ࣮ݧΛͨͬߦɽԁ؀൘ͷͨΘΈํ޲ͷڥք৚݅͸ɼ֎पࣗ༝ɾ಺पݻఆ

ͳΒͼʹ֎पݻఆɾ಺पࣗ༝ͱͨ͠ɽ֎पࣗ༝ͱ಺पݻఆͷԁ؀൘Ͱ͸ղੳΛ͋Θͤ

Ռͱൺֱͨ͠ɽ͸Γͱԁ൘Λ૊Έ߹Θͤͨ݁߹ཁૉͰ͸ɼ࣠ҾுྗΛ݁ݧɼ࣮͍ߦͯ

༩͑ͨঢ়ଶͰ࣮ݧΛͨͬߦɽൃੜͨ͠ΧΦεৼಈʹ͍ͭͯৄࡉͳ෼ੳΛͨͬߦɽಛʹɼ

ओ੒෼෼ੳʹ༻͍Δྻܥ࣌೾ܗΛ௕ؒ࣌ͱͨ͠৔߹ͱɼ௕ؒ࣌ͷ೾ܗΛ౳ִؒʹ෼ׂ

͠ɼͦΕͧΕͷ۠ؒʹ͍ͭͯ෼ੳͨ݁͠ՌΛൺֱ͠ɼΧΦεৼಈʹ͓͚ΔৼಈϞʔυ

ͱͦͷد༩཰ͷؒ࣌มԽΛௐ΂ͨɽಘΒΕͨ݁ݴ͸֤ষʹࣔͨ͠௨ΓͰ͋ΔɽͦΕΒ

Λ౷߹͠ཁ໿͢Δͱͭ͗ͷΑ͏ʹͳΔɽ

1. ԁ؀൘ͳΒͼʹ͸Γͱԁ൘Λ૊Έ߹Θͤͨ݁߹ཁૉͰൃੜͨ͠ΧΦεৼಈʹओ੒

෼෼ੳΛద༻ͨ͠ɽ෼ੳʹ༻͍Δྻܥ࣌೾ܗͷؒ࣌௕Λ୹͘͢Δ͜ͱͰɼد༩཰

ͷෆنଇͳมಈΛ༗͢ΔৼಈϞʔυͷଘࡏΛ֬ೝͨ͠ɽͦΕͧΕͷബ೑൘Ͱ֬ೝ

͞Εͨෆنଇͳد༩཰ͷมಈͷಛ௃͸ͭ͗ͷ௨ΓͰ͋Δɽ

֎पࣗ༝ͱ಺पݻఆͷԁ؀൘ɹد༩཰ͷॱ൪͕ෆنଇʹೖΕସΘΔɽ

֎पݻఆͱ಺पࣗ༝ͷԁ؀൘ɹ಺෦ڞৼ৚݅Λຬͨ͢ೋͭͷৼಈϞʔυؒͰɼد

༩཰ͷ΍ΓऔΓ͕ൃੜͨ͠ɽҰํɼ಺෦ڞৼ৚݅Λຬ͍ͨͯ͠ͳ͍ৼಈϞʔυͷ

༩཰ͷมԽ͸খ͍͞ɽد

͸Γͱԁ൘Λ૊Έ߹Θͤͨ݁߹ཁૉɹ࠷௿࣍ͷ͛ۂৼಈϞʔυ͕ݦஶͳد༩཰Λ

د͍ߴৼಈϞʔυΑΓ͛ۂ࣍௿࠷༩཰͕دғͱɼͶ͡ΓৼಈϞʔυͷൣؒ࣌ࣔ͢

༩཰Λࣔ͢ൣؒ࣌ғ͕ଘ͢ࡏΔɽ͜ΕΒͷؒ࣌Ͱ͸د༩཰ͷؒ࣌มԽ͕খ͍͞ɽ͞

Βʹɼ࠷௿͛ۂ࣍ৼಈϞʔυͱͶ͡ΓৼಈϞʔυͷد༩཰ͷॱ൪͕ෆنଇʹೖΕ

ସΘΔൣؒ࣌ғ͕ଘ͢ࡏΔɽ

2. ֎पࣗ༝ɾ಺पݻఆͳΒͼʹ֎पݻఆɾ಺पࣗ༝ͷԁ؀൘ʹൃੜ͢ΔΧΦεৼಈ

Ͱɼओ੒෼෼ੳͷ෼ੳؒ࣌௕Λ୹ͨ݁͘͠Ռɼपํ޲΁ͷෆنଇͳมಈΛࣔ͢અ

௚ܘΛ༗͢ΔৼಈϞʔυͷଘࡏΛ֬ೝͨ͠ɽ
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ͷܘର͢Δ಺൒ʹܘք৚݅ͳΒͼʹԁ؀൘ͷ֎൒ڥΘΈɼͨظͷ՝୊ͱͯ͠ɼॳޙࠓ

ൺ͕ɼԁ؀൘ͷΧΦεৼಈԠ౴ʹ͓͚ΔৼಈϞʔυͷपํ޲΁ͷมಈ΍د༩཰ͷؒ࣌

มԽʹٴ΅͢Өڹͷղ໌͕ඞཁͰ͋Δɽ͞Βʹɼෳ਺ͷཁૉ͔ΒͳΔෳܗࡶঢ়ͷബ೑

൘ʹద༻Մೳͳඇઢܗৼಈղੳ๏͕ٻΊΒΕΔɽ
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ँࣙ

ऴΘΓʹྟΈɼຊڀݚΛਐΊΔʹ͋ͨΓɼऴ࠙࢝੾ͳΔ͝ࢦಋͱ͝ฬᎪΛࣀΓ·ͨ͠

ਂʹतڭਅҰɹ।ࢁҭϓϩάϥϜɹؙڭֶ޻ց૑੡ཧػ෎஌ೳֶ޻അେֶେֶӃཧ܈

ਙͷँҙΛࣔ͠·͢ɽ

ֶ෦࣌୅͔Βୀ͞׭ΕΔ·Ͱͷ 6೥ؒʹ౉Γɼ࠙੾ͳΔ͝ࢦಋͱ͝ฬᎪΛࣀΓ·ͨ͠

तʹਂਙͷँҙΛࣔ͠·͢ɽڭഅେֶɹӬҪ݈Ұɹ໊༪܈

͞Βʹɼ༗ӹͳ͝ॿݴͱ͝౼࿦ΛࣀΓ·ͨ͠܈അେֶେֶӃཧֶ޻෎஌ೳػց૑੡

ཧڭֶ޻ҭϓϩάϥϜɹޱࢁ༪෉ɹڭतɼ౻Ҫ༤࡞ɹڭतɼޭాࢁɹڭतʹް͘ྱޚ

ਃ্͛͠·͢ɽ

ϝΧτϩχΫεୈچɼͨ͠ʹڞͷָۤΛڀݚ 2ɼ3ɼ4ࣨڀݚͷଔۀੜͳΒͼʹμΠφ

ϛΫεγεςϜ૑੡ࣨڀݚͷߍࡏੜͷΈͳ͞·ʹ͍ͨ͠ँײ·͢ɽ

ɽ͢·͠ँײʹकͬͯ͘Εͨ྆਌ɼ૆฼ɼܑݟΛԹ͔͘׆ɼ௕͖ʹΘͨΔֶੜੜʹޙ࠷
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